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0

Motivation and Preview

0.1 Some Motivating Examples

In most texts, there are two types of courses after measure theory

1. Applications — PDE’s

Text: A Guide to Distribution Theory and Fourier Transforms by
Robert Strichartz

2. Functional Analysis — topological vector
(nuts and bolts) spaces and underly-
ing theory

The point of this course is to do both. Time permitting, we will discuss prob-
ability theory on spaces of distributions, which does not appear in texts. We
will combine the two approaches into one economical approach by choosing
bases.

0.1.1 Notation

NO_{Ou]-v }
N={1,2,.}
K=RorC

n] ={1,2,...,n}

If I is a finite set, |/| = Cardinality of I.

For any sets A, B the set of functions from A to B is denoted ¥ (A, B).
x = (x1,...,2q) € RY

d’z = Lebesgue measurd!] on R

!'We will only consider Borel sets and Borel functions.

3



4 0. MOTIVATION AND PREVIEW

|z| = \/2} + ... + 22 BEuclidean nom
(z) = V1+ [z

Note that (x) is smooth and does not vanish at the origin. This will be
used as a basic unit for analysing behavior of a function at infinity.

R

[¥x]

T
L

Multi-index Notation
a=(a1,...,aq) € NG
la| = 3% is the length of «

ol =T1¢ ay!
= (2, ...,2?)
Hlal
0°f = =5 fa
o1 ... 904
d
oif = gL

Notation reference
The set of smooth functions in F (U, K) with compact support is denoted
D(U).

0.1.2 Idea of Distribution

Suppose f € F(R%,R). We can evaluate f at a point z € R? to get a value
f(z) € R. The idea behind distributions is that such an evaluation does not
exist in the real world.

Example 0.1.1. Suppose f € F(R?R) gives the temperature at a point
in space. Unfortunately, a themometer cannot have zero thickness, i.e. it
does not have infinite resolution. Instead, it takes some weighted average

L ¢ dy

where ¢(y) is a weight, preferably with mass centered at x.
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In this example,

Knowing f — Knowing /3 o(y)f(y) dy
R

for all “test functions'y
Definition 0.1.2. We define the space of test functions to be
PR, K) = {p € F(RY,K) | ¢ € C™, supp(yp) is compact}.

Observe that the map @ — K sending ¢ +— [gs ¢f is a linear form
(functional). This brings us to a definition of a distribution.

Definition 0.1.3. A continuous linear form f : @ — K is called a distri-
bution (or generalized function).
The space of distributions is the topological dual of @, which we will
denote
' (R%,K).

To guarantee continuity, we need a topology on @, which will make &
into a TVS. This topology will be given later, as will the topology on its
dual. Unfortunately, this topology will be complicated. However, if we relax
our requirements a little, we can get a space with a much nicer topology.

Definition 0.1.4. We define the Schwartz Space to be
S={feFRLK) | feC®and ||(z)k0f(x)||pe < 00 ¥ o € Ng, k € Np}.

Observe that @ C 8, and therefore, once § has a topology, its topological
dual 8’ will contain @’. We call 8’ the space of (tempered) temperate
distributions.

Example 0.1.5 (Charge Distributions from Calc III/ Electrostatics). Sup-
pose we have a charge ¢ at a point = with force felt F' = qE(x) where F is
the electric field at position x. Then we have

F= %

where ¢ : R®> — R is the electric potential. Now suppose p is a charge
distribution. Then p(z)d®z gives a charge in an infinitesimal neighborhood.
We want to find the electric charge potential ¢ generated by g, i.e. we want
to solve the Poisson Equation

Ap=—p

where A is the Laplacian, and

A _23: 3 <8g0>_23:82
v= 1 83%- axi N g




6 0. MOTIVATION AND PREVIEW

Recall that Gauss’ Law gives us

V-E=p

where V - E = div(E) = 33 gf?.
For simplicity, we assume the charge ¢ is concentrated near the origin.
Moreover, we assume

e supp(p) ~ {0},
e p is rotation invariant (radial), i.e, p is a function of |z| only.
We reasonably guess that ¢ is also radial. That is,
p(x) = f(|lz]).
Can we find f?

Since |x| = y/z% + 2% + 2%, it follows from repeated applications of the
chain rule that

Oilz| = 81(:5% + :L‘% + x§)1/2

1 2 2 2
- 2(2% + 2% + ac%)l/Qai(x1 + 23+ 23)
1
= — 2
20 "
_ T
|z

which is a useful little fact to know, and then applying it to our specific
situation, we have

Oip = 0; f (|])
= /'(ja) il
= f(leDpy

||

where “x has to avoid 0” because of the |z| in the denominator.

Let u be the unit vector pointing in the same direction as x:

T
U= —
|z

and let R be the magnitude of x (the “radius”):
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R = o]

Then we have

Point charge ()

We will now calculate the flux of (E)i:1 through a sphere of radius R
centered at @ in two different ways in order to discover an expression for Q:

1. First calculation:

//SVgoodS://Sf/(R)uodS
:f’(R)//SuodS

= f/(R) x surface area of a sphere
= f/(R)47R?

2. In this second calculation, we apply the divergence theorem to get a
3-dimensional integral:

f/(R)AnR? = / /S Vo edS

:///B(v.w)d%
e
e

and so we conclude that Q = —f/(R)4wR?. Rearranging, we have

_Q
AT R?’

fi(R) =
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By integrating both sides with respect to R, we obtain
Q

B 4r|z|

o(z)

General charge distribution p

We can express the electric potential o(x) by integrating 2 |(j)_'§|y over R®\{z}:
1/ Py) 3

) = — PY) g "

o) = [y )

Recall —Ayp = p is a linear nonhomogeneous equation.

Point charge case:

Let § be the 1-dimensional Dirac delta function given by

ift=20
6(t)“:’7 o0 ]:
0 ift#0

As a probability density distribution, it satisfies the property

A&ﬂﬁzl

Define the 3-dimensional Dirac delta function by
83(z) == 6(x1)0(x2)d(x3)
Then
—Ap = Q5 (x)

dipoles

A dipole is two point charges: one with charge @) and the other with oppo-
site charge —Q):
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p(y) = Q8°(y — ee) — Q5°(y)

o) = lim Q0*(y — ee) — Q¥ (y)

e—0 o)

This is a nontrivial charge distribution called a dipole.

Qlevs?

Is (ED well defined? Yes it is, but we must prove it! We now go about
proving this, which takes quite a while, and won’t even be finished this
lecture...

pla) = | K@ yply) dy

where

1 N
Kiz,y) = { el 1070
0 otherwise

integral operator p — ¢ forall K
well defined if e.g.
p Borel measure

p(z)] < Clx)™®

works for o > 2. But why? A quick digression((

/ p(y) &y
R3~{z} ’55 - y|

has a problem at “y near x” and a problem at “y near co”

1. First, the problem at infinity...

Change to polar coords.

_ > 1 3—1 d
—/1 T1+a4ﬂ'r T

1
= a3
/|y>1 |y 1t Y

So that a > 2 is necessary.
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2. Finally, the problem at z...

The p(y) is bounded or something near x, so it doesn’t matter. So the
expression, as far as convergence goes, behaves the same as

/ ! d3y < o
e—y|<1 |z — Y|

which in polar becomes

1,2
3 dr
o
and therefore converges with no extra restrictions on «.

end of digression.

Differentiating ¢

It is now our goal to differentiate ¢(x). That is, we want to calculate the
partial derivative 9;¢(x). Recall equation ([):

_ 1 ) s
wla) = 47 /RS\{:C} |z — ] Y

We might try differentiating under the integrand, but that won’t work.
So messy. Let’s use convolution...

K(z,y) = Gz —y)

where

Ly 0
Gla) = {7l 07
0 ifz=0

that is, K is a convolution kernel.

pla) = [ Gla—y)oly) &'y

(note: something about G * p and x fixed)

We will perform a change of variables using z = x — y. This uses the
global change of variables formula (or “abstract” change or variables for-
mula) from MATH 7310. If we let z = f(y) = = — y, and then compute
the Jacobian matrix J, we get J = —I3. The multiplying factor is the abso-
lute value of the Jacobian, which is | det(J)| = | — 1| = 1, so the change of
variables results in:



0.1. SOME MOTIVATING EXAMPLES 11

@)= [ Gl)p(x—2) d
R3

Now we still want to differentiate under the integral sign! But in order
to do so, we must satisfy two hypotheses:

1. The integrand must be continuously differentiable (it is).

2. We need a dominating function. Like some decay function where
01p(x)] < Clar) .

Let’s take p € S(R%;R)

...fill in the blanks here...by repeatedly applying differentiation under
the integrand....

pisC™
()@) = [ G)en)a—2) d*

e Rt S (1)

R3~{0} g

Back to a point charge () =1

o1 A
Sz |z

By differentiating again, we obtain

let’s check it

Bk

1 1 2
gl L g
T TREE AT

2
_ Z;
= —|2| 3+3‘;|5

We wish to apply Integration By Parts to (x), but we can’t do it because
there is a problem at 0. So we have to do another step first. This will be
explained next lecture!

Now, we continue to seek p where —Ap = p € S(R?,R). Recall that

=L LIRS
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where ¢ is C°°. A change of variables gives us

1 1
xr)=— —p(x —y)d>y.
plz) = /RS_{O} P vy

We thus have

1 1
A 3::—/ = Ap(z — y)dPy.
[Avl(z) = - R5—0) 9] ple —y)d’y

We want to integrate by parts, keeping in mind that Aﬁ = 0 for y # 0;
first, we propose a lemma.

Lemma. There exists an even C*° function x : R = R such that 0 < xy <1,
x=1on[-1,1, x=0 on R — (-2,2).

Graph of x(x):

Y

=

A proof of this lemma appears in the toolkit section of our course. For now,
we take the lemma for granted and consider x as described in the statement.
Define ¢ : R — R by ¢(z) = x(|z|). By definition, this function ¢ is radial.
Note that 1) is also C*° because it is the composition of C* functions: |z| is
C* except at 0, and in a neighborhood of 0, x is a constant function equal
to 1.

Using the dominated convergence theorem, we have

lim L2002\ — Vs = (Ag) ().
n—oo R37{0} ‘Z|

The graph of 1 — ¢(nz) looks like the graph below. Here, the red lines no
longer end at —1 and 1; they end at —1/n and 1/n.
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Yy
2 41
/ ‘ )
—2 -1 1 2
1/
—9 |

Allowing n to go to infinity, the graph of 1 —1(nz) tends to the graph below.

Y
2 41
le
‘ x
—2 -1 1 2
1!
_9
Therefore | b(n2)
—Y(nz
Ap=1 — " Ap(x — 2)d?
o= T plz — z)d’z,
where %(‘m) is C'*° and we can apply integration by parts. Let
dv=Ap(x —2) =v=pr—2)
and . .
I U BN S (29
2| 2|
so that
L 1 —(nz) 1 1 —4(nz) 3
(@a¢)(w) = Jim, (o =2+ [ A Jote — 2)ae)

2 _an>>p(:r — 2)d3z.

I
b=
$E
s
T
>
/
—_
s
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Now we note that on |z| < 1/n, A,(2=4M2)) = 0 so that we need only

Bl

determine the behavior of AZ(%('"Z)) for |z| > 1/n. We have

a () -5 2 ()

and we apply the Leibniz rule so that

() - [ () - - 5 ()]

Wehave (‘ |):0, SO

N (1 —w(nz)) _ A AY)(nz)

2| 2|

which equals zero when |z| < 2/n.

Substituting back, we have

47 n—oo

(A )(:zc)—i lim < 2(A )(nz) +2n (VI/J(HZ) : )) (x—2)d>2
P {1<lz<2y \ 7] i 2p) )7

where the limit is guaranteed to exist due to an application of the dominated
convergence theorem. Note that as n — oo, we have {1 <[z < 2} shrinks
to the origin, so p(x — z) ~ p(z). With that in mind, we consider the
following:

1 2

4 {%SMS%} ( ’Z’ (AQD)(TLZ) + QH(VWTLZ) | 2’3>>p(x — z)d3z

2

1 - z
=F+ /{ ez }( (A(p)(nz)+2n(vw(nz) B P))p(x)dgz

]
where F is an error term that we will attempt to bound. We note that that

1
Bl <+ /{ Mi}(‘ |1Aw<nz>\+2n\w<nz>r‘ \2)"’< 2) — pla)|d*

where |Ay(nz)| and |Vi)(nz)| are both bounded by some appropriate con-
stants. We have

3
B < > 119ipllL<|2|
i=1
ie. p(xz —z) = f(t)|t=1 where f(t) = p(z — (—z)). We have

1 3
:/f’(t)dt:/o (3 (=2)0p(x — t2))dt < |0sp | o

i=1
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Therefore, for some constant C' we have

2
|E|§C/ <n~|—2n>d3z
{2<z1<2y \ [z |7

so that the u-substitution y = nz grants us

2 1
|E]§/ <n2+ n >3d3,u—>0
{1<|ul<2} lul/n/) n

so we've shown that (Ap)(z) = p(z)C. All that remains is to show that
C = —1. Recall that

C = S lim <_n2A¢(nz) + 2n(V¢)(nz)z> d3z

I R AN [

where we can drop the limit because C' is a constant. We replace the z here
with a new variable z/n and obtain

— -1 P PO 0
= [ (0O + 2700 5 ) a
where 2(Ve)(2) 25 = X'(|2]) (2 Note ¢(2) = x(|2]) and 9 (2) = X'(|2)) &
) 82 (z) = ¥ (|2]) 2 2 X'(12)  X(IzDz =i

' |2] |2| |2 |22 J2]
Therefore
' ' 2X'(I21)

A _ Xz xX(=D) _ » X
(AY)(2) = x'(]2]) + 3 ] ] X" (l2]) + ]

1 /! / /
o[ (XD D DY

dm J{i<|z1<2y 2] |2 |2

We use spherical coordinates with r = |z| to rewrite

o 1 2 X,(T) _ 2 "
C= E/l T47rr2dr = —/1 X" (r)rdr
2
=0+ [ X
= x(r) = x(1)
=—1.

Therefore, we have established that —Ay = p. We remark here that the
proof of this result was rather complicated because of our use of “classical”
functions and notions of derivatives. We shall later employ the language of
distributions, which will reduce tedious computations considerably.
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0.2 Multilinear and Tensor Algebra

If R is a commutative ring with identity element 1 and M, N are R-modules,
then one can construct the R-module M ®pr N, called the tensor product
of M and N, in the following way. We first define the set of “almost finite”
functions on M x N:

Fof(M x N,R) :={f € F(M x N,R) | f(m,n) =0 for all but finitely many (m,n) € M x N}

~ PR

MxN

Faf is generated by “simple tensors” m @ n (m € M,n € N) defined by

1 — !/ /
(m®n)(m/’n/) — ) (m7n) <m7n)
0, else
Let J be the submodule of %, generated by the set of all elements of
the form

e (m+m)®@n—men—m' ®n
em®@n+n)-—men—men
e (Am)®@n—Am®n)
e m® (An) —A(m®n)

ranging over all m,m’ € M,n,n’ € N, and all A\ € R. The tensor product is
then defined to be the quotient module

M®RN:C}af(MX N,R)/J

For our purposes, R = K will always be a field, hence M, N are K-vector
spaces. Recall that if V' is a finite dimensional vector space and V' denotes
the (algebraic) dual of V, then there is a canonical isomoprhism (V') =2 V.
That is to say, V is reflexive. For infinite dimensional vector spaces V', we
cannot hope for an isomorphism between V' and its double algebraic dual,
so by reflexivity we mean that V is isomorphic to its double topological dual.

If Vi,Va,..., V,, W are vector spaces, we denote by £, (V1,...,Vy; W)
the space of n-multilinear maps V; x --- x V,, — W. Later, we will demand
that these maps are continuous. If VW are finite-dimensional K-vector
spaces, the universal property of the tensor product induces a canonical
isomorphism

V'@ W' — Zo(V,W;K)
¢ @9 — [(v,w) = P(v)y(w)]
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When V, W are finite dimensional, this gives us a cheap construction of
V ok W:
V ok W =%V, W:K) (NT1)

Notice that a vector = (x1,...,24) € K¢ can be reinterpreted as a
function [d] — K given by ¢ — x;. We will make use of this later.

Categories
Category FinSet FinVectk
Objects finite sets | finite dimensional
K-vector spaces
Morphisms | maps of sets K-linear maps

Consider the contravariant functor 8 = F(—,K) from the category Fin-
Set of finite sets to the category FinVectk of finite dimensional K-vector
spaces which associates to each finite set I the K-vector space F(I,K) of
dimension || and to each map of finite sets 7 : I — J the K-linear map
RB(T) : B(J) = B(I) given by B(7)(f) = for.

Because a vector space is uniquely determined up to isomorphism by the
cardinality of any basis, the functor 9 is essentially surjective, i.e., for
all V' € FinVectk, there exists I € FinSet such that V' is isomorphic to %(I)
as K-vector spaces. The upshot of this fact is that any finite-dimensional
vector space (with a fixed basis) can be concretely realized as a space of
functions.

Let I,J be finite sets, and put V = F(I,K), W = F(J,K). Fix a basis
{e;|ie I} of Vand {f;|j € J} of W. Then there is an isomorphism
VeokW — F(I x JK)
@y — [(i,7) — 2y
which associates simple tensors in V ®x W with functions I x J — K which

factor into the form fg where f € F(I,K) and g € F(J,K). Another nice
property of FinVecty is that there is a canonical isomorphism

V' @k W — Hom(V, W) (NT2)
p@yr— [p(—)y: V = W,z = ¢(z)y]

In summary, for finite dimensional K-vector spaces V, W, there are sev-
eral equivalent ways to define V ®x W'

(a) algebraically, as a quotient of F,¢(V x W,K)
(b) Hom(W', V)
(¢) Hom(V', W)
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(d) 32(‘/'7 W/; K)
(e) F(I x J,K), where [ is a basis of V and J is a basis of W.

What about infinite dimensional spaces (e.g. Hilbert, Banach, normed)?
For such spaces V, W we cannot hope for the spaces (a)—(e) listed above to
each be equivalent to V ®x W; even by taking topological duals, V @k W is
“too small”. In addition to taking topological duals, we can endow V Qg W
with an appropriate topology. The completion V&xW of V @k W with re-
spect to this topology, called the topological tensor product, will take
the place of V @ W.

We shall use the term nuclear to refer to spaces which are “effectively
finite dimensional”. Nuclear spaces V,W have the property that the def-
initions (a)-(e) above equivalently define V&kW. The spaces D,S, D', s’
with which we will work are nuclear and reflexive. In other words, these are
“good” spaces.

Duality Pairings

There are techniques besides taking duals and tensor products which will
be useful for us. Here, we describe the method of “duality pairing.” This is
a technique for constructing new vector spaces out of existing vector spaces
defined as finite tensor products of V and V', for V a finite-dimensional
vector space.

Let V' be a finite-dimensional K-vector space with basis (e;)1<ij<q. The
dual space V' has a basis (e})1<i<q, where €}(e;) := d;; for 4,5 € [d]. The
following is an example of a duality pairing. Forany Ac V@V @V oV’
and Be V'@V ®V, we associate a pairing Ao B €V ® V' ® V. The idea
is to pair the adjacent factors V ® V’ and V' ® V which are colored here.

Here, we express the vector Ao B explicitly in terms of a basis. The vector
A can be expressed uniquely as a finite sum

A= Y Ay ea®e®@e®e,
(4,4,k,0)€[d]*

where each A; ;¢ € K. And B can be expressed uniquely as

B = Z By - e; ® es R ey
r,s,te[d]3

We then define

AoB:= Y Ciji-e®¢; e,
(i,4,t)€[d]®
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where

Ciji= Y, AijreBruos
(k,0)e[d)?

To show this, we observe that the map

S:(VeV)xVxV)x (V' xV xV)—=K

given by

S : (‘Tavlvflaf27v27z) = fl(Ul)fQ(UQ)LL’@Z

is multilinear. [Here, x e V@V’ v; € V and f; € V' fori=1,2, and z is a
member of the final factor V.| Hence, there is a unique linear map

S:(VeVheVeV)e(VeVeV)—K
such that
S:(z@v®fi ® fa @2 ®2) = fi(v1) falve)z @ 2.
Finally, we let S := S t, where ¢ is the canonical map

L (VeV)eve V) x (V' eVeV))
> (VeV)eVeV)e (V' eVeV)).

The map S is a well-defined linear map whose definition is independent
of any choice of basis on V. Therefore, we aim to show that S = T, where

T:(VeoVheVaV)x(VeVeV)—K

is such that
T:(A B)— AoB.

T is linear, and so it suffices to show S, T" agree on basis vectors
e=(e;®e;Dep ey e ®es @ ey),
for i,7,k,¢,r,s,t € [d]. This vector e is mapped to e; ® e;- ® e; under both

S and T', and so the two maps agree.

The key element of this construction is the natural duality pairing between
V’ and V given by evaluation. The map V' x V' — K given by (¢,v) — ¢(v)
is bilinear. Hence, there is unique linear map V' ® V' — K such that ¢ ®@v —

¢(v).
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Note that in the explicit definition of A o B, we sum over the repeated
indices k, £. It is often convenient to use Einstein’s convention that repeated
indices are automatically summed.

AijkeBret  denotes Z Ai j ke Bt
(k,0)€ld]

Example 0.2.1. Many familiar operations such as trace and matrix prod-
ucts can be cast as duality pairings. For instance, if V := K? with canonical
basis (e;)1<i<q and dual basis (€})1<i<q4, we have an isomorphism between
Hom(V, V) and V' ® V which identifies €] ® e; with the linear map f; ; such
that f; j(ex) = 1{k = i}e;. The duality pairing sends e, ® e; to e;(e;) = d;j,
and the trace of each f;; is §;;. Hence, the trace is a duality pairing.

To illustrate the duality pairing construction construction, it is helpful to
illustrate the pairing as a pairing of centipedes’ legs. The diagram below
illustrates this particular pairing of A and B. Downward arrows, colored
purple in the “A" diagram, represent tensor factors V' and upward arrows,
colored green in the “A" diagram, represent tensor factors V' in the un-
derlying vector spaces. The dotted lines represent pairings. Because three
arrows are now bound, we see from the diagram that A o B is a member of

VeVieV.

In centipede diagrams, it is convent to represent incoming factors on top
of and outgoing factors on the bottom of a centipede instead of putting
both on the centipede’s bottom. This allows for compact depictions of du-
ality pairings via braid diagrams; paired factors are stacked vertically. For
example, if V' = C? with canonical basis (e1, e3), let

ReHom(VoV,VeV)2VeVeV oV’

be the map which sends a ® b to b ® a. From the isomorphism, we depict
R as a centipede with two incoming factors and two outgoing factors. The
strands depict the interchanging of factors. Viewed as a braid, this centipede
diagram is a standard building block for braid diagrams:
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VeV

X

VeV

R~ is visualized similarly:

C

and by composing the two we obtain the identity by pulling the top strand
over the bottom. This is a Reidemeister Type 1l move, one of three transfor-
mations on braid diagrams which generate all well-defined transformations
on braid representations of knots.

XX

We can extend this construction to arbitrary finite tensor products of V'
and V'

VeVeV

x’/\/\“ﬁ

V/®Vl®vl
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In the above braid diagram, the following factors are stacked from top to
bottom: R® Iy, Iy ® R™', R® Iy, and Iy ® R~', where Iy, denotes the
identity map on V. Hence, the above braid is a centipede diagram for the
composite

B:=Iy®R Ho(RIy)o(Iy @ R"H o (R® Iy).

Now, let v denote the pairing between the corresponding incoming factors
V'’ and outgoing factors V belonging to B. This produces a knot, a braid
with no loose strands, as shown below. This entire diagram represents the
composition of ©u ® u ® u with B.

=
< 11
=
x

Note that uwo B is a member of the base field K, since tensoring with u @u®u
evaluates all dual pairs (V', V).

The Jones Polynomial, a knot invariant, can be defined as a centipede-
braid diagram such as B (i.e., a member of a finite tensor product with
an equal number of factors V and V’). These polynomials are evaluated by
taking traces. To take the trace of such a finite tensor product is to compose
the braid B with the the factor © ® ... ® u which pairs each corresponding
incoming and outgoing arrow. Theorems of knot theory show that every
knot can be unwound to be a closed braid as in the above diagram and that
braids can be generated by simple factors R and R~!. Hence, we obtain a
definition of the Jones Polynomial for arbitrary knots.
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A toolbox

1.1 Combinatorial Analysis: The Arbogast Faa di-
Bruno Formula

Theorem 1.1.1. Let I and J be non-empty intervals in R. Let f : I — R
and g : J — R be C*-functions. Suppose f(I) C J. Then go f: I — R is
also in C*(I) and for every x € I:

n ) (£(2)) £ () - - FlEn) (5
(gof)*) () Zk!Z( ) 1{21%216}9 S )i{kl!‘(")kn! L ))

n>0 \ki,....kn>1 li=1

Notation: Recall that given a property P:

1 if P is true;
1ry = { 0 if P is false.

Remark. The sum in Theorem 1.1.1 is finite (i.e., the sum terminates).
In fact note that:

1{Zki:k}7é0:>n§2k1:k
=1 i=1

since k1 > 1 for 1 <i <n and k; < k. This implies the sum must be finite.

How to remember it. Use the special case f(0) = 0, and f, g analytic
functions. Then:

(g0 /)P (0)
k!

Proof. Proceed by induction on k. Suppose the result is true for k&, i.e.,:

n () (f(2)) @) () - - - flom) (z
(gof)(k)(x):k!z:( 3 1{;ai:k}9 (f( )L{kll-(--)kn!f ())

n>0 \ai,....an>1

= coefficient of z* in f(g(2))

23
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o = M) (f(x
=KD 2 1{ v|¢,(|xi 1 }g @

n>0 aeNY

Now we differentiate with respect to x:

(g © f)(k+1)($) = k' Z(An + Bn,l + R Bn,n)

n>0

where A,, is defined as follows:

al = (n+1) T
A=Y 1{ o1 }gwf(“)(x)f’(w)

lov!
aeNy n.o.

Set 5 = («a, 1), where |a| = k. Then:

Bl=k+1 1 @)
Ap= ) 1] Vifi>1 wa)(m)f’(x)
BeNg ™! Py =1 o
’/B‘ =k+1 (n+1)
= ¥ 18 vzt S 00 )
BeNg ! Bi=1 o

(Note that for every j € [n + 1] there is o € S, 41 such that o(n + 1) = j).

- _ (1) (£ (2
- R U e

nig!
n+1
BeN?

Note that k+1=f1---+ Bj + -+ fBnt1 and j € [n + 1], and so:

Bl=k+1]_ 1 & B
i - Saa)

J=1

Substituting we see that:

_ n+1 (n+1) T
A= S 1 { |€L’ﬂik2+11}( 1 11%_1})9 D) 1))

13!
fenp n—l—lj n!p!

so substituting back in the formula:

_ Bl=k+1 | (., ) 9" (@)
=K 2> 1{ Vi, i > 1 } (]z:l 1h = 1}) (n+1)!8! 1)

n>0 aENg

ol = n () ( #(x
= k! Z Z 1{ ‘vl’azk2+11 } (z:l 1{04]‘ — 1}) gn('“i('))f(a)(x) =Q

n>lgenNgt!
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On the other hand:

— (n)

lov!
aeNg n:o.

Set B = a+ ey ;. Then:

8] =k +1 (n)
B = Z 1 Vi, B > 1 Mf(ﬁ)(x)

aeNg B; > 2 (B = eng)!
-y 1 g (L0UE) Ut ))’g”,f“”(w)
aeNg B > 2 "

and so we see that:

3 ] = (n) T (a)l,
S hy= 31 {'VL’%’;ﬂl}@{aizz})g U@ _,

o)
acNg nlal

And since (go f)#HD(z) = Q + & we see that:

(g0 @) =Y T 1 { o] =k }g(")(f(w))f(“)(w)cw

;> ley!
n>0 aeNj \V/Z’al =1 nia:

where C), , is as follows:

Cna = 1{n>1} Z l{OéJ = 1}+Z 1{05] > 2}043 Z 1{Oéj = l}Oéj—i-Z 1{Oéj > 2}Oéj

Jj=1 Jj=1 Jj=1

n

Z (Hoj =11+ o > 2}) = Zajl{ajzl}:Zaj:\M:k—i—l
j=1 j=1

O
We now take a look at the Leibniz Product Rule in RY.

Proposition 1.1.2. Let f : U — K,g — K be C* functions. Then on U,
for all a« € N¢ with |a| < k, we have

= > 11{,6’+'V—a} (aﬁf)(f?” )

BA/ENd

Proof. We prove this using induction on |«|.

e || = 1: Suppose w.l.g. that o1 = 1,0, =0V i=2,3,....,d. B+v=«
splits up into two sums with 81 =1,8; = 0,7 =0 and §; = 0,71 = 1,7 =
0V j=1,2..d i=23,..d.
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So, RHS is g—ig + f 8%91 which is just the product rule in one-variable
(keeping all the other variables fixed). Hence, base case of induction is true.

Now suppose that the result holds for all |a| < k

e || = k+1: We can write a = o + A with |o/| = k, |A| = 1. Thus, by
definition, 8%(fg) = dM0¥ (fg)).

PO (fg) =M Y B+ =a'}

(618/ f) (a’ylg)) (by induction hypothesis)

B,y eNd /B/' !
Z ﬂ{ﬁ +’Y _a}ﬁ/l 7 [(85/4‘)‘]‘)(87 ) (aﬁ/f)(37l+)‘g)}
B’y eNd
(using base case)
= Y g+ —a}ﬁ” ,,(8ﬁ’“f)(m 9)
ﬂ"yeNd
+ Z ﬂ{ﬁ +’Y _a}ﬁu I'(aﬁ/f)(a'y’+)\g)
B’y eNd
= ¥ 1By =l 0 N@)
B,veNG ( )
|
+ Z {8+~ = a}(()')'(agf)(a,yg)
B,7ENG !
(using 8= 8" + A,y =7/ in the first sum; 8 = 8,7 =4’ + A in the second sum; @ = @’ + A)
=N @=L
ﬁ%Ndl{ﬂ+7 a}[(ﬁ N 3 (V_A)J(a £)(079)
Z B+~ = a} (85]’)(87 )
B,yeNG

(a—N)! (a—N)!
(B= " By =) B'

using the fact that for |y| = 1. O

1.2 Bump Functions & Smooth Tensor-like Parti-
tions of Unity

The key tool for this section will be the following function:

. -+ ]
BER >0 T ]
he) = { eo .z 0 + //

Proposition 1.2.1. h is C*°.
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Proof. On (0,00), h(z) = g(f(z)) where g( ) = e%, f(z) = —1. Observe
that the derivatives look like g™ (z) = ¢®, f™(z) = (=1)" 'nlz=+1), So,
using the Faa di Bruno formula, we have

n

=HY 3 1o =k, azzlvz}n,a l;[[ gl

n>0 aeNf

—e‘zkl )k _kZ Z {|a|_k 04121Vz};'( )t

n>0 aENn

8=

Now impose k > 1.

h®) (z) = e zk,(xk)kz’“:l;!(_bn > 1ol =k ai =1V}
n= aeNg

Note that if 8; = a; — 1, then as the middle quantity is precisely counting

all possible ways of getting Z B; = k —n with the condition 8; > 0 for each

=1
1.
So, we get

k
- (k-1
where Pj(z) = k!(—1)F Z (=1 <n B 1) 2*~™ is a polynomial of degree

n=1
k—1.
Observe that for all n € Z, lim e~ zx = (0. This shows that for all

z—0t

k, h%lJr h(k)( ) = 0, which in turn implies that h is C*°.
T—r
O

Definition 1.2.2. Let I be an open interval in R and ¢ > 1. A function
f I — Kis called o-Gevrey if for all compact sets C C I, there exist
Ac, Bc > 0 such that

P @) < AcBE (k)

forall z € C and k£ > 0.

Remark 1.2.3. o = 1 if and only if f is analytic. Indeed, if f is o-Gevrey
with ¢ = 1, then the Taylor series for f centered at any x € I has a positive
radius of convergence, and hence we can find a domain (open, connected
set) U C C with UNR = I and a holomorphic function g : U — C such that

f =gl
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Remark 1.2.4. Since an analytic function has discrete zero set, our h is

clearly not analytic.

Theorem 1.2.5. For all k > 0 and x € R we have |h®) (z)| < 8%(k!)2. Thus
h is o-Gevrey with o = 2.
Proof. Let k> 1,z > 0. Following the above discussion, we have
k
_1 1 1 (k—1)!
AR (2) < e k! S =
W) < e ;n! antk (n — 1) (k —n)!
k
(n+ k) (k—1)! . 1
SH 2 - DI ) using Zap < (ntkler
B Zk: (n+ k) K (k —1)!
B = nlkl (n =11k —n)!
k
n+1 (k—1)!
= k (n—1)!(k—mn)!
2 : kok—1 m
k! 2n+ 9k— . < 9m
) g using (z) <
k
— (k!)222k71 Z 2n
n=1
< 8F(k!)?
O
Remark 1.2.6.

d* ( ,;)_ k! % ez
dzk \°© C2mi (z—$)k+1

where « is a the boundary of some disk centred at 0.

Proof. Note that f(z) = e :isa holomorphic function on C\ {0}. So, by

the Cauchy integral formula applied to the holomorphic function f(

the same domain, we have for any = > 0,

dk 1 k' e z
)= — (e2)=— g ——
S @) dxk (e ) 270 ﬁ (z — x)ktl dz

k)(2) on
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In the previous lecture we proved that the function

e Ve x>0
h(x):{ 0, x<0

is infinitely differentiable (i.e. smooth) everywhere. Now consider

wo(x) = h(z +1)h(1 —x)

By the construction of ¢g we see that
e oy C™
e o >0
® (g is even
e supp(po) C [~1,1]
e o9 #0 when z € (—1,1)

Our goal in this section is to construct a grid-like partition of unity on
R? based on such . First, let

1@ = ([ o) o

Then, besides the above 5 properties 1 also satisfies

. /chl(:z:)dx: 1

In order to construct a “buffer function” between constants 0 and 1, we
let

palo) = [t -

From those properties of 1 we know
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(,OQGCOO

w2 =0 when z < —1

o =1when z > 1

0<pry<1when -1<z<1
e (9 is strictly increasing on (—1,1)
e y is symmetric at (0,1/2)

Now we squish ¢y horizontally by 1/4, translate it to the left by 3/4 and
multiply the reflection by y-aixs:

w3(x) = pa(4x + 3)p2(3 — 4x) //fi ,.k#_,\
/ \

From the properties of o we know
o p3€C™
® (3 is even
e p3=01if x € (—o0,—1]U[1,00)
o p3=lifze[-} ]
e 0<p3<lifre(-1,-3)U(},1)
e (o3 is strictly increasing on (—1, —%) and strictly decreasing on (%, 1)
. @3](_1’_%) is symmetric at (—3, 1) and @3’(%’1) is symmetric at (2, 1)

To make a “bump function” on R? (the picture below is a bump function
on R?) we can take

O(z) = p3(|x)

which “inherits” most of the features of ¢3:



1.2. BUMP FUNCTIONS & SMOOTH TENSOR-LIKE PARTITIONS OF UNITY31

o & c (>

® is radially symmetric

® =0if z € R4\ B(0,1)

e ®=1ifz € B(0,3)

e 0<®<1lifzeB(0,1)\B(0,3)

For the first property: one can write out explicitly all higher order partial
derivatives of ® except at x = 0, but obviously ® is also smooth at x = 0
since it is a constant on a neighborhood.

Definition 1.2.7. For any subset  C R? we define
D(2,K) = {f € C*(Q) | supp(f) C 2}
where the closure is taken in R?.
Proposition 1.2.8. If Q C R? has non-empty interior then D (Q, K) # {0}.

Proof. The interior being non-empty means there is a ball B.(zg) C £
Then from the above construction we know ®(|x — zo|/r) € D(2,K). O

Definition 1.2.9 (Tensor-like bump function). To make a “cube-supported”
bump function we let

Similar to what ® does, this gives a transition map from a large cube
{z | |z;| <1} to a smaller cube {z | |z;| < i}

To construct a partition of unity on R%, we define a copy of tensor-like
bump function on each “integer tile” so that they add up to 1. First let
us consider this in one dimension: we want a sequence {%, },cz such that

ZnEZ wn(x) =1. Let
d(x) = p2(dz + 2)p2(2 — 4z)

which satisfies
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e pc(C™

e ¢ is even

e p=0ifz € (o0, —3]U[3,00)
e p=1ifze[-1 1]

e 0<op<lifre (=3, -Hu(

N[V
~—

Y

[ =

. ¢|(*%7*i) is symmetric at (—%, %) and ¢|(i7%) is symmetric at (%, %)

It is clear that 3°,c7 ¢(z —n) = 1 when z € [—1 +n, 1 +n]. The symmetry
properties (the second one and the last one) also garuantee that on the
transition areas two adjacent ¢(z —n)’s add up to 1. Therefore

>onez ¢(x —n) =1 for all —>< >< >< >(
veR ol :

Proposition 1.2.10. Define index N = (ni,na,...,nq) € Z% and let

®

]

Y(z) = d(z1)p(72) . .. d(z4)

Then 3 nezab(x — N) =1 for all z € R%.
Proof. By Tonelli’s theorem (in discrete measure), for each fixed =

Z Y(x—N) = Z d(x1 —n1)od(ze —na) ... d(xzg — ng)

Nezd Nezd

= ( Z ¢($1 — TL1)) ( Z ¢($2 — ng)) e ( Z gb(acd — nd)>
ni€Z no€Z ng€Z

=1-1...1=1
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O]

1.3 The Local/Nonlinear Change of Variable For-
mula

Recall from Real Analysis I that an affine map is a map on R? of the form
r—c+Tx

where T : R* — R? is a linear invertible map and ¢ € R%. Recall also the
Global/Affine Change of Variable Formula

Theorem 1.3.1 (Global/Affine Change of Variable Formula). If f : R —
[0, 00] is Borel measurable or f : RY — K is Borel measurable and Lebesque
integrable, then

/ fle+Tz) |det T ddx:/ F(2)d%.
Rd o

Recall that a domain is a nonempty open connected subset of R?.

Corollary 1.3.2. Let U C R? be a domain. If f : U — [0,00] is Borel
measurable or f : U — K is Borel measurable and Lebesgue integrable, then

/ flc+Tz) |det T| d%z :/ f(z)d%.
U U

Proof Sketch. Extend f by zero:

CR e

Then apply Theorem to f. O
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1.3.1 Local Change of Variables, Version 1.0

Definition 1.3.3. Let U,V C R? be open and nonempty, and let f : U — V.
We call f Frechét differentiable on U if for all z € U there exists an
L : RY — R? linear such that for y # z,

iy W) = f(@) = Ly — @)

= 0.
y—e ly — x|

L called the Frechét derivative, and denote it by D, f. We say f is C! if
the function U C R — Hom(R? RY) given by = + D, f is continuous, and
we say that f is a diffeomorphism if f is bijective and f~! : V — U is
also C.

Notation. Let z € R%.

e The determinant of the matrix of D, f in the canonical basis,

Jof = det ((;%) ,
Tj ) 1<ij<d

is called the Jacobian determinant of f at z.

| - | will denote the Euclidean norm.

If A:R?— R?is linear, then we denote the operator norm on A by

Az
jAl = sup AT
zerd\{0} |7

For r > 0, the open ball of radius 7 centered at z is denoted B(x,r).

The closed ball of radius r centered at z is denoted B(z,r).

Theorem 1.3.4 (Local Change of Variables, Version 1.0). Let U,V C R?
be open and nonempty. Let f : U — V be a C' diffeomorphism and g €
D(V,K). Then

[ atr@) 1ol e = | gz)

U 1%

The proof we choose will be complicated, but we choose it in order to
e learn some important techniques, and

e use grid (tensor)-like partitions of unity developed in the last section.

Idea/Intuition of Proof
In calculus, nice maps locally look like affine maps.
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So, we will

1. decompose the integral into local pieces (because the map f+— [ f is
linear),

2. use the affine change of variables on the pieces, and

3. collect.

Prep Work

3%

\%

Let Ky = supp(g), and Ky == f~'(Ky) = supp(g o f). Note that both
Ky and Ky are compact. Define dy to be the distance between Ky and U¢
and Jy to be the distance between Ky and V¢. Note that both are positive
values. Indeed, because U€ is closed and Ky is compact,

oy = d(Ky,U°)

= inf d(z,U°)
rzeKy

= inf inf |z —y]
reKy yeUe

= min inf |z —yl|.
€Ky yeUe

Similarly Jy > 0.

Remark: If ¢ = 0, result follows almost immediately so assume g is
nonzero. Hence, Ky and Ky are nonempty. In addition, if U = R?, then
distance between Ky and U¥¢ is infinite so take oy = 1

Let -

Ky ={z+yeK: (z,y) € Ky x B(0,6y/2)}

and
Ky ={z+yeK: (z,y) € Ky x B(0,0y/2)}

be thickenings for Ky and Ky, respectively.
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Note that K, v is also compact because it is the continuous image of the
compact set Ky x B(0,0r/2), and similarly Ky is compact.

Remark 1.3.5. Note that

vol(Ky) = = 1d%z < oo,
U

and similarly, f('/v has finite volume.

Recall our partition of unity from Section Let ¢ : R* = R be a
partition of unity, i.e. it satisfies the following:

e Forallz e R, 3 oatp(z—y) =1

e ¢ is C™

e ) =1on[-1/4,1/4]

o supp(¢)) C [~3/4,3/4]" C B(0,3Vd/4)

Let N > 1 be an integer, and define ¢y := 1)(Nz). Then for all 2 € R?,

Z Up(z —y) =1.

ye(+2)?

This “shrinks” the grid from before.

;

=

Note that supp(¢n) C B(0,3Vd/4N).

NG
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Define L
Ly ={ye (NZ) : By, Vd/N) N Ky # 0}.

This will collect the points in the small grid that are within vd/N of
Ky.
In order to prove Theorem we need the following five lemmas.

Lemma 1.3.6. There exists an N1 € Ny such that for all N > Ny,
|Ly| < N% x Vol(Ky).

Proof. Note that Ly is at most countably infinite since it is counting points
on the grid.

Z 1= Z /Rdw(x)dd:v

yeLn yeLn
= Z /Rd Y(N(z —y))d?z Change of variables, x = N(z —y)
yeELN
— Z /d Un(z —y)diz
yeELN R
= Nd/ > Un(z—y) d?z Tonelli
Re yeELN

The integrand is nonzero and since supp(yn) C B(0,3v/d/4N), there
exists y € Ly such that |z — y| < 3v/d/4N. Then by construction of Ly,
there is some w € Ky such that |y —w| < v/d/N. By application of triangle

inequality, we get
Vd _ oy
_ < Y7 <Y
Fouls Iy =5
where the last inequality is true provided
TVd
200 |

N>N12:’7

It follows that z € K v and therefore

3 1§Nd/ 1x 1{z € Kp}d®z
yeELN Re

where the integral is the volume of K, v- This completes the proof. O

The next lemma essentially proves ¢ is uniformly Lipshitz on space V.
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Lemma 1.3.7. There exists a constant ¢y > 0 such that for any z1,z0 € V,
l9(21) — g(22)| < c1]z1 — 22].

Proof. Define g : R — K to be the extension of g by 0 outside V, i.e.,

{g(z) zeV

0 otherwise |

Since g € D(V,K) and V is compact, it follows that § is C* on R?. For any
21,29 € R%, we can write §(z;) in the form of interpolation between z; and
Z9.

§(e1) =42+t~ 22))|

_ Ld /.
= g(z2) + /0 ﬁ(g(zg +t(z1 — 22))> dt FTC
1
= 9(2’2) +/ (D22+t(21_22)§) (2’1 — 22) dt M.V. Chain Rule
0
It follows that

|§(Z1) - g(ZZ)‘ < sup ’DZQ—‘Ft(Zl—ZQ)g) (Zl - 22)‘
0<t<1

S |Z]. - 22’ sup HDZQ—l-t(Zl—Zz)gH
0<t<1

< |21 — 22| sup | D g
z€R

Set c1 = sup,c,, ||D-g|l + 1. Note that c; < oo because its bounded for
z € V (since compact) and 0 on its complement. This gives us the desired
inequality and completes the proof. O

Note that the extension was done because V' is not necessarily convex
so we could interpolate between two points in V' which takes us outside the
set. The following lemma is similar in flavor.

Lemma 1.3.8. There exists a constant co > 0 such that for any x1, xo € R?,
|W(x1) — ¥U(x2)| < ealzo — 21].

Proof. Same. O
The next lemma is a uniform version of Frechet differentiation.

Lemma 1.3.9. For any e > 0, there exists n > 0 such that for any x,y € Kys
where |x — y| <n, we have |f(x) — f(y) — Dyf(x —y)| < €lz —y|.
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Proof. For any o > 0, define
o 52 d\2
Do :={(z,y) € Ky~ : |z —y| < a} C (RY)

to be the set of pairs of points in Ky within a distance of o of each other.
Because it is a product of compact sets, D, is also compact. Consider the
map

Dg x [0,1] — R?

sending

Denote IN(U,Q as the image of this map. Observe this set is also compact and
it contains Ky for if € Ky, then (z,z) € Dy and so (z,z,0) — z € f(U,a.
Claim: for small enough a > 0, I~(U7a C U. It is enough to set a < 7 /2
to get this result (see image below).
Fix o = 0y /4 and € > 0. Consider the map

Ky — 2(R%,RY)
z— D, f

(recall f: U + V is a C! diffeomorphism.) Since wid;KU is compact, this
map is uniformly continuous so there exists n > 0 such that for all z,y € Ky
where |z — y| <n,

Dz f — Dy fll <e.

Note that there is no harm in taking n < dy7/4.

Fix xz,y € KNQ such that |z — y| < n. Note that |z —y| < n < «
implies [z,y]| € Ky € U and so we can interpolate between z and 3. By
Fundamental Theorem of Calculus and chain rule, we have

5@ = 56+ [ (Dyregef) = v)
Therefore
5@ = 1) = Dyf @ =) = [ [Dyrenfle = v) = Dyfta = )] de
whose norm is bounded by
|z =y b8 | Dysie—spf = Dyf|| < Iz~ yle

which completes the proof. O

We have an analogous lemma and proof over the space Ky . Here how-
ever, we'll use the inverse of f on V (since f is a diffeomorphism).
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I:emma 1.3.10. For any € > 0, there exists n > 0 such that for any z,w €
Ky where |z—w| < n, we have | f~1(2)—f 1 (w) =Dy (f 1 (z—w)| < e|z—w.

Proof. Same. 0
We are now ready to prove Theorem

Proof of Theorem[1.3.4 Set N > Nj where N is taken from Lemma
Apply the partition of unity on ¥y to left side of desired equation.

[ st @)afldte = [ 1-g(r(@) 1ot d%
U

:/ > Un(z—y) | 9(f(@)|Jof|d

U
ye(§2)4

Notice that if ¥ (x —y) # 0, then it follows

e A (020 ()

and if we assume g(f(x)) # 0, then it follows z € Ky. Futhermore, since
|z —y| < V/d/N, then y € Ly by definition. Therefore, we can replace the
sum with one over Ly, i.e.,

/U g(f (@) |Jof| dz = / (Z Un(z—y )g(f(x)) | T f] d%a.

yeL
Since this is a finite sum, we can interchange the integral and sum.
[ st@nfiats = 3 [ wnte - g(ra) 1151 d%
yeLy

Approximation. Since z and y are "close" to each other, we want to
approximate |J, f| by |J,f|. If we can do that, then we pick up an error
term F; and so

[oG@nflate=E+ S [ U —poi@) 1t
yeLn

We just need to verify that |J,f| is well defined (potential issue is that y
could be outside Ky and so we need to check y isn’t outside U.) Since
y € Ly, the distance between y and Ky is bounded by \/E/N . Assume now

that N > Ny = [4\/&/6[]] Because 4Vd/N < 6y /2, it follows that

Vd .
B — K
(y, N CKycU
and so y € U. Therefore |J, f| is well defined.
end of lecture 10 O



1.3. THE LOCAL/NONLINEAR CHANGE OF VARIABLE FORMULAA41

We left off where the LHS was equal to [;; g(f(2))|J,f|d%c and noted
that |J5(f)| = |Jy(f)|. With that approximation in mind, we define an error
term FEj such that the LHS is

Bit Y [ enle = po(@)l,flate

yeLn
where we consider N such that
N > Ny := M%@VyeLmyeB(y,%) CKycU

to address well-definedness. Now we claim that the LHS is in fact

Bt Y [ o=@l

yELN (y» N

which follows from the fact that x € U \ B(y, %) = Yny(x —y) =
Now we attempt to approximate the LHS again by noting that f(z)
f(y) + Dyf(z —y). Recall first that suppyy C B(O, ?:1—\]/\,3) C B(O f), SO

our approximation suggests we define a new error term FEs such that the
LHS is

0.

E\+ By + Un(z —)g(f(y) + Dyf(x — y))|Jy fld'z,

B(%%)

so of course we must ensure that fB(y v YN (z—=y)g(f(y)+Dy f(x—y))|Jy, fldiz
"N

is well-defined in order to proceed. We need that f(y) + Dyf(z —y) € V.

We will show a stronger statement: for N sufficiently large, for all y € Ly,

we have f(y) + Dny(O, %) CKycCV.

We start by applying lemma 4, in particular let €; = 1, so the lemma implies
there exists v; > 0 such that for all v,w € Ky, we have [v —w| < v; =
|f(v)=f(w)—Dy(v—w)| < 1x|jv—w|. Now let y € Ly, so there exists u € Ky
such that |u —y| < %. Furthermore, we let = € B(y, %) = v,y € Ky.
Note that ©u € Ky = u € _[?U/' and y € IA(E from the previous assumption
that N > N,. Note that if N > N3 := [+] %4, then |u—y| < Vd/N < 1y =
()= F ()= D, f (u=y)| < lu—y| but |D, f(z—u)| < |[D,fl|*|z—ul. There-
fore [f(u) = f(y) = Dy f(x =y)| < [f(w) = f(y) = Dy f(u=y) = Dy f(z —u)| <
|u — y| + c3lx — u| where ¢z := supvelf(;HDUfH < oo (by compactness).
Note that |u — y| < Vd/N and |z — u| is at most 2v/d/N. Therefore,
A(f (W) + Dyf (o = y), Ko) < U220 < 6,2

We now impose the restriction that N > Ny := [x] %1?263), so f(y) +
Dyf(x—y) € f(T/ Therefore, we proved the claim that for N large, then for
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all y € Ly, f(y) + Dny<O, %) C Ky C V. We go back to our previous

concern: the LHS is equal to

Ei+Ex+ | yn(z—y)g(fy) + Dyf(x —y))lJyfldz.

B(y,%3)

Now apply the affine change of variables formula for a new variable z :=
f(y) + Dy f(x —y) where y is fixed. The LHS then becomes

Ei+ Ey + Z /

yeELN

) N ((Dyf) (2 = f(y)))g(2)d".

y)+Dy fB

Now we use the approximation (Dyf)~1(z — f(y)) = f~1(2) — y to consider
a new error term E3 defined by the claim that the LHS is

Ey+ Ey+ B3+ E: /ﬂ

yeLy -+Dny

) Un(f1(z) — y)g(2)dde.

This expression defines E3 so long as the integral above is well-defined.
Note that f(y)+ D, fB (0 ﬁ) C Ky C V; our next step is that we want to

change f(y )—i—Dny( \[) into V. To do so, we need ¥ (f~1(2)—y) =0
d
on the complement. Note that ¢y (f~1(2) —y) #0 — f 1 —y € {4N, 4‘?\,} )

Therefore z € f(y + |2, ;}V] ) C f(B(y,3Vd/N)) C f(B(y,vd/N)) C U
We now need to verify that f(B(y,3Vd/N)) C f(y) + D,f(B(0,Vd/N)).
Note that |z —y| < Vd/4N = |(Dyf) " (f(x) — f(y))| < V/d/N. Notice that
(Dy )" (f(@)=F () = (Dyf) ™ (f(2)=f (y) =Dy f (x=))+(Dyf) ™ Dy f(z~y)

= [(Dy ) (@)= FW)] < D s (F [ f (2) = £ (y) =Dy f (z—y) [ +|z—y]
where |[Dyg, (f 1) < ey = supvef(;Hva_lH < oo as Ky is compact. Not

that ¢ # 0 = K, C Ky #10, ¢y >0, and f is C! differentiable. Now, we
use lemma 4 with e; = ﬁ = duvn > 0 such that

£(2) = F(5) ~ Dyf (e = )| < 1l —y]
Cq

provided that y € Ky, z € Ky, |z — y| < vo. However, we note that y € Ly
and x € B(y, 3\/E) C B(y, %) C Ky as N > N,. Furthermore, we now
enforce the requirement that

3Vd 3Vd

N2 Nsi= o] = = fe y!<7<’/2
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5*3\f Vd
~4%x4 N ~ N

_ 1
= [(Dy /) (@)= f(y)] < (C4*a+1)!w—y| << |x yl <
We’ve now proven the claim that for NV sufficiently large,
_ . 3Vd Vd
15(v 57) V)
so that the LHS is indeed

Ei+FEy+ Es+ Y / On(fH(2) —y)g(2)d.
yeLn

C f(y)+ DyfB(0,

We wish to prove that

LHS_/g ) | Juf| A9 —/g d% := RHS.

We have already shown that N > Ni,,, N5 implies

LHS=F + Z /wN (z) — y)g(z) d%

yeLn

where ¥ = E; + E5+ E3, the sum of three error terms that are the result
of three approximations:

(E1): [ af] = |y f]
(Ba): g(f(@)) ~ g(F) + Dyf(z )
(Bs): on ((Dy))7H = f@) ~ o (F712) — y)-

L is finite, so

LHS_E+/ (Z ON(fF(z) — )) 9(2) d%.

€Ly

Suppose that g(z) # 0 and Yn(f~1(2) —y) # 0.

9(z) #0 = z € Ky = Supp(g)
= f'(2) € Ky = f"'(Kv) = Supp(g o f).

cUN(fTNE) -y A0 = |1 \gﬁgﬁ

The above two facts combine to get

() e KunB(y, %) # 2
—> y € Ly (by the definition of Ly).



44 1. A TOOLBOX

This allows us to conclude

LHS = E+/ (Z YN (f (=) — ))g(z)ddz

yeLN

Yayy!!!
Now that we have proved LHS = RHS, let’s get some bounds on the
error £ = F; + E5 + E3 by bounding each error term. Fix ¢ > 0.

FE; error estimate:

By definition,
Bri= 3 [ ol r@) (19271~ 141)

We know that f is C'-differentiable and |J,f| is a polynomial in the
lit partial derivatives of f. Therefore, |J,f| is uniformly continuous on
Ky cU.

s > 0,Vz,y € Ky, (\x—y <ny = ‘ |Jof| — [Ty f] ’ < 8) :
This gives us the bound

Bl < S [ onte =)o @)l| 17201~ 17,41 | at,

yeLn
We already know that
eye Ly = ye€ Ky,
o g(f(z) #0 = =z € Ky C Ky,

£0 = |z —y| < ?:1—\]/\,3 < n3 under the condition that

a3l

~—

e and Yny(z —y
NZNG = ’73

S

W~
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This gives

i< Y [ one -0 lo@) ' Taf| — 17, f] \ s

yeLN

<y /U V(@ —y) lg(f ()]  d%

yeLN

< ¥ [ unte=w)l-lgt{e € Kuyedh

yeELN

<ellolpmg X [ nle -tz € Ko} do

yeELN

<ellpes 30 /K oz —y) de

yeLN

<elllpmg [ 3 unla—y)db

yELn

Sen-umg/ 1 d%
Ky

< eIl g VOl(Ky)

FE5 error estimate:

By definition,
=Y [ (o) (9£(@) = 9(5(w) = Dys @ = ) ) 171

S () (7)) = 9((0) = Dyfo— )| 171 %

We know that y € Ly C EU when N > Nj, so we have the bound
|Jyf| < 5= SUp, . | Juf| < oo.

Ba<es Y /Bwvg) dn(z— ) \g<f<w>>—g(f(y)—Dyf@—y))\ e

yeLN

Also, by Lemma 2 (or Lemma 1.3.7), we have |g(f(z)) — g(f(y) — Dyf(x —y))| <
ci|f(x) = fly) — Dyf(x —y)|. Lemma 4 states that 3mps > 0 such that
Vu,v € Ky, wehave (Ju —v| <ny = |f(x) — f(y) — Dyf(x —y)| < elu—v]).

Therefore, since y € fU, choosing N > N, = {%-‘, and because x €

B(y, %), we have |z — y| < %! < nsand thus | f(z) = f(y) = Dyf(x —y)| <
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Vd

elr —y| < ef. Putting this result back in our error bound, we compute

’Eg’ < 50105— Z /

yeLN

oo )
<Eclc5N/( )EL: d%
el [ g1

<ecies }6 Vol (B (y, \]6))

< ecics \]6 Vol(KU) )

—y)d%

FE3 error estimate:

By definition,

Eg—Z/

yeLN

@) [Un (D)2 = F()) — (71 (2) = 9)| 9(2) A%,

)+Dy fB

We use Lemma 3, the definition ¢x(-) := ¥(N-), and the fact that v is

Lipshitz (with constant c2) to get
\/g) [qu ((Dyf)_l(z - f(y)) — N (f N z) - y)} g(z) d%

By = /
Z +Dny 0,%"
Bl < s 3 f

yELN

Bl < eoN |-l 3 f

yeTo 1 wr+DyB(0,

(1) [on (Do) (2 = 1) —n (77 () — )| d

)+Dy fB DW

|2 e ) - (7 ) - )| 4
)

We already showed for N > Ny, ,, N4, Vy € Ly, we have f(y)—l—Dny<0, %) C

%V cV.
For such y € Ly, denote w := f(y). Let z € f(y) +Dny(O, %) Then
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because (Dyf)~! and D, (f~!) represent the same linear map, but go-
ing in opposite directions (this is a more general version of the formula
1)) = 75 where w = £(y)).

Recall that Lemma 5 states dns > 0 such that Yu,v € ?V, we have
(=l <ms = |F1w) = 1) = DulF V)= 0)] < chu—ol).

In our case, z,w € Ky .

z—wE Dny(()?%)

= |z—w| < |- HDyf% < c;;% <5 when N > Ng := ’703\7{;-‘ Now

B3| < || || poegeaN / cey ¥ 4d
yEzL:N +Dny 0’%) N

< ecaesVd ||| g Z/ \/3>

d%
yeLy HDny(QW

We perform an affine change of variables replacing z with x using the
equation z = f(y) + Dy f(x), getting

[Bs| < ccrcaVd |-l 1wy 3 / )l 4%

yeELN

Again since y € /I‘(/U, we use the bound c5 to get

|E3| < ecacses V| - | g Z / 1ddx

yeLn

gsCQC3C5\/&|y-||LOOg|LN|/ i 1dda:
B(0, %%

Yet another affine change of variables, this time using the substitution

f

x = Y2u, gives
d
B3| < ecacsesVd || - || poog | L / §) dl
| 3| 2C3C5 H ||L g| N| B(O,l)(N>
fd—i-l 1\¢ 4
<ecpezesVd ||| peog L] (N) /13(01)1du

< ceresesV/d" ||| g |l (%) Vol(B(0,1))
Finally, requiring N > Nj, Lemma 1 guarantees

d+1 ~
|Es| < ecaesesVd |- HLoogVOI(KU> Vol(B(0,1)) .

By taking ¢ — 0 and N — oo, we see that all of the error terms vanish,
completing the proof of the Theorem. O
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Remark 1.3.11. We note a few points about the technique of the above proof.

e Compactness was used heavily; it provided us with uniform estimates
(constant bounds) and uniform continuity.

(e It is important to keep track of dependencies, e.g., many of our esti-
mates depended on N.

e In proofs like that of Theorem 1.3.4, it is common to employ “big O”
(O) or “little o (0) notations, or even the notation f < g to mean
f < cg for some constant ¢ > 0. One should exercise extreme caution
when employing such notations because it is quite easy to make a
mistake which is then particularly difficult for the reader to self-correct.

Theorem 1.3.12 (Smooth Urysohn Lemma). Let @ # K C U C R? with
K compact and U open. Then there exists a smooth function p : R — R
such that p|g =1 and supp(p) C U.
Proof. For § > 0, define
K= U B(x,9)
zeK

By choosing § < min{d(K,U¢), 1}, we can ensure that Ks CU. As before,
for N € N, define
1_, Vd
Ly := {yENZ ‘ J 2z € K such that |z —y| < N}

We claim that for N sufficiently large,

plz) =Y yn(e—y)= > d(N(z—y)

yeLn yeLn

is such a function. If N > Ny := [74—‘@], then supp(p) C K; C U. Indeed,
let y € L,, and suppose that ¢¥y(z — y) # 0 for some z € R? so that

|z —y| > %. Choose o € K such that |y — z¢| < V/d/N. Then

™d ~
o= a0l <lo— gl +ly 2ol < L <6 — seRscU

It remains to show that p(x) = 1 for any = € K. Because

1= Z Yn(zr — y)a

yE%Zd

it suffices to show that ¥y (x —y) = 0 for any y € %Zd \ Ly. Indeed, for
any such y,

Vd _3Vd
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Theorem 1.3.13 (Smooth Functions Approximate Continuous Functions).
Let K1 and Ky be compact sets contained in an open set U C R with &
K, C K. Let f : U — K be a continuous function with supp(f) C K. Then
there exists a sequence of functions fy € D(U,K) such that supp(fn) C Ky
for all N and

Jim = fylle =0

Proof. Let f = f-1{z € U} be the extension of f by 0. Then f is uniformly
continuous on R?. Indeed, f|x, = fl|k, is uniformly continuous, so given
€ > 0 there exists 6 > 0 such that

(i) |f(z) — f(y)| < e for all z,y € Ky with |z — y| < §; and
(ii) |z —y| < ¢ implies that z,y ¢ Ky or z,y € Ks (take § < d(be(ZC)),

Recall that there exists a C* function ¢ : R — R with the following
properties:

e 1) has compact support.
e (R?) C [0,1] and (0) > 0.

o [nath(z) dix = 1.

That is to say, v is a mollifier. Define py(x) := N%)(Nz) for N € N.
Note that

o) dio = [ o) dias =1,
Rd R4

so pn(z) — 6%(x) as N — oo. Now define

In@)i= (o= D) = [ oxta—u)f(w) d'y

fn can be thought of as the “local average” of f with respect to the weight
py near x. Note that ||f]ls - 1{y € K1} dominates (in the sense of the
Dominated Convergence Theorem and its corollaries) the above integrand.
More generally,

1fllooL{y € K1} sup [0%pn (2)|
z€R4
dominates g—; (pN(:U - y)f(y)) for all & € N§ and k € Ng. Thus we can
write

o Ix(@) = [ 0pnla—u)fw) d'.

the point here being that each fy is C°°°. Choose § > 0 small enough
that B(z,d) C Ky for all € K;. Then choose Ny € N large such that
supp(py) C B(0,d). Then for all N > Ny, we have supp(fy) C Ky. To
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show uniform convergence, choose o > 0 such that supp(pny) C B(0,dn).
For all x € U and N > Ny, we have

£@) = fu@)] = | [ onte = )f@) dly = [ pxe ) fw) d'y

[ exle=)(F@) = F) 'y
B(z,0n)
< swp () - f(2)

z€B(z,0N)

The latter term tends to 0 uniformly by the uniform continuity of f O

Proposition 1.3.14. Let U be a nonempty open subset of R%. There exists
a continuous function ¢ : U — [0,00) such that ¢~ 1([0, R]) is compact for
all R > 0.

Proof. If U = RY, let ¢(x) = |z|. Otherwise, let

(o) = mas { o], g |

Proposition 1.3.15. Let U be a nonempty open subset of RY. Then there
exists a sequence (Kn)n>1 of compact subsets of U such that K # @,
Ky C Kyt forall N > 1, and U = Ux-1 Kn-

Proof. Fix a point xg € U, let ¢ : U — [0,00) be as in Proposition 1.3.14,
and let Ky := ¢~ 1([0, o(z0)+N]). Note that zg € K1 = ¢~ 1([0, ¢(z0)+1]),
so Ky # @. O

Theorem 1.3.16 (Change of Variable Formula, Version 2.0). Let f : U — V
be a C' diffeomorphism between open subsets U,V of RY.

1. A function g : V — [0,00] is (By, By ))-measurable if and only if
the map
U—[0,00], xg(f(x)) [Jof]

is (Bu, Bjo,0c])-measurable. In this case, we have

/g(f(x)) | T2 f| dd:cz/ g(z) d?z
U 1%
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2. Let g: V — K be (By, Bk)-measurable. Then g is Lebesgue-integrable
if and only if the map

U—10,00], 2 g(f(2)) |Jf]

1s Lebesgue-integrable. In this case, we have
[ atr@) 1ol e = | gz) d
U 14

Proof. We first make a series of reductions.

e Regarding the second statement, the case K = C follows from the case
K = R by setting ¢ = Rg + iSg. The case K = R follows from the
first statement by setting g = g™ — ¢g—, where g7 = max{0, g} and
g~ = min{0, —g}. Thus we reduce to proving the first statement.

e The statement about measurablity is clear: if h(z) = g(f(x))|Jofl,
then, because f is a diffeomorphism, f and f~! are in particular mea-
surable, so

g measurable = ¢(f(x)) |J,f| measurable
= g9(f(f ') |J =10 ] |J,f 7| = g(y) measurable

e The change of variables formula for general g follows from the case in
which ¢ is a simple function by applying the Monotone Convergence
Theorem. By linearity of the integral, we thus reduce to the case in
which g = 1{z € A} for some A € By

e We can reduce further to the case in which 4 C K for some compact
subset K of V. Indeed, take an exhausting sequence (Ky)ny>1 for
V' as in Proposition 1.3.15. Then 1{z € AN Ky} is a sequence of
measurable functions which converges to 1{a € A} from below, so the
Monotone Convergence Theorem applies.

Now, suppose that A € By, K C V is compact, and @ # A C K. For
any B € Bra, let

w(B) = [ Uf@) e BARY |Juf| d'a

Then p is a finite Borel measure on R%. Indeed, if B = U721 Bj (disjoint
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union) with B; € Bga, then BN K= Uj=1 B N K (disjoint union), and
M&=L(ZHﬂ@€&ﬂ@)%ﬂfw
j=1

_OO . 2 daj‘
—§;éuﬂwe&mKHhﬂd (MCT)

=) 1u(Bj)

J=1

Moreover,

umﬁzAuﬂmethﬂfx

<Vol(f~H(K)) sup |Jof]
z€f~1(K)

< 00

Any such measure is both inner and outer regular (see Homework 8, MATH
7310, Spring 2017). Combining this with the inner and outer regularity of
the Lebesgue measure, we have that for any given € > 0, there exists a
compact set C' C A and an open set W with A C W C K such that

n(A) —e < p(C) < p(A) < p(W) < u(A) +¢

and
Vol(A) — e < Vol(C) < Vol(A4) < Vol(W) < Vol(A) + ¢

By applicaiton of the smooth Urysohn lemma, we can choose a C*° function
p:RT = Rwith 0 < p <1, plc =1, and supp(p) C W. We now apply the
change of variable formula version 1.0 to p:

[ pts@) Tt dle = [ o) at
U 1%
This gives us
n(A) < e+ p(C)
=5+/V1{f(x) € CY |Tof| da

< e+ Vol(W)
< 2 + Vol(A)
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Likewise,
W(A) > < + u(W)
_ —5+/Ul{f(x) € WY |LLf| da

> e+ [ plf@) 1Juf| d'a
=—c+ /Vp(z) diz

> —e+ Vol(O)

> Vol(A) — 2¢

Taking ¢ — 0, we see that u(A) = Vol(A4), i.e.,

[ o @) 1efl e = [ g(e) ds

where g(z) = 1{z € A}. O

1.4 Spherical Coordinates

In this section, we present a generalization of the familiar polar coordinate
formulas z = r cosf, y = rsin @ to higher dimensions.

Let d > 2, and set U := (0,00) x (0,7)972 x (0,27) € R We define
f:U —= Rby f(r,61,...,04) := (z1,...,24), where each z; is defined as
follows:

r1 = rcosbq,
T9 = 78in #1 cos 65,

x3 = 78in #; sin 65 cos O3,

Tg_1 =rsinfsinfy---sinfy_scosby_1,

rg=rsinf;---sinfy_q.

For 2 < i < d—1, we obtain x; from x;_1 by changing the last cosine in x;_;
to a sine and appending a new cosine. For ¢ = d, no new cosine is appended.

We set V := f(U) to be the range of this coordinate chart. In this section,
we build towards the result that f is a C°°-diffeomorphism onto V', which
is almost all of RY.
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Example 1.4.1. When d = 2, we have the standard polar coordinate for-
mulas 1 = rcosf; and xg = rsinfa. The restriction r € (0,00) and
01 € (0,27) removes the positive z-axis from V.

Example 1.4.2. When d = 3, we have x1 = r cos 0, xo = rsin 64 cos #2, and
x3 = rsinf;sinfy. These are the familiar spherical coordinates, possibly
with different angle convention than other branches of the natural sciences.
Here, 60, is the angle from (1,0,0) to the projection of x = (x1,x2,x3) onto
the z1x3 plane. And 65 is the angle from (0, 1,0) to the projection of x onto
the xox3 plane.

Proposition 1.4.3. For1 <i<d—1, we have
d i—1

Z:E? =r?. H sin? 0.
j=i j=1

Proof. We use descending induction on 1. If i = d — 1, the proposition’s
statement is that xg_l + x% =7 H 1 sin? ;. This is the case, since by
definition of z4_1 and x4, and some s1mple factoring, we have,

d—2 2 d—2 2
22 2= (r H sing;) - cosg_1 | + | (r H sinf;) - sinfg_;
j=1 j=1

d—2

d—2
= (r H sin Hj) . (cos2 0q_1 + sin’ 9d—1) =72 H sin? 0;.
j=1

J=1

Now suppose that the statement holds for some i between 2 and d — 1. We
claim that the statement holds for ¢ — 1, which will prove the proposition.
By assumption, we have:

Z m =2 1+7“2Hsm 0;.

Jj=t—1

By definition of x;_1 and factoring, we obtain

d i—1
Z = (H sin? 0, ) -cos?0;_1 +r? (H sin? Hj)
S~ o

j=i—1

i—2
=r2. (H sin? Oj) (cos?0;_1 +sin?6;_1) (H sin? 6; )
j=1
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2

In particular, we have 2% + ... + xi = r#, since our proof of Proposition

1.4.3 is consistent with the convention that the empty product is equal to 1.

Proposition 1.4.4. The image V = f(U) is all of R except for a half-
hyperplane (which has measure zero). We have

V=A{(z1,...,24) €ER : 24 # 0 or (x4 =0 and x4_1 < 0)}.

Proof. To show V is contained in the right-hand set, we first observe that by
1.4.3, we have 41 = pcosfy_1 and x4 = psinf,_1, where p = ./x?i_l + 33(21 =
rsinf; - --sinfy_o. By definition, 0; € (0,7) for 1 < < d—2. Hence p > 0
since sin is positive on (0,7). If x4 = 0, then 651 = 7, and therefore
Tg_1 =pcosbly1=—p<0.

To show the opposite inclusion, let z = (z1,...,24) be a member of
the right-hand set. We explicitly construct a preimage of x under f by
descending induction on i. By assumption, we have p = x?l_l —i—mfl >
0. Hence, for the case i = d — 1, there exists 651 € (0,7) such that
x4—1 = pcosby_1 and x4 = psinf,y_;. Now suppose that for we have chosen
04-1,...,0; for 2 <i < d—1 such that cosfy_9 = ——2=2— and sinfy_o >

S 4.2
Ti—1

0. Then, by our observation that mgfl —i—x?l > 0, we have that \/ﬁ €
Ty T Txg
(—1,1). So there exists #;_1 € (0,7) such that cos;_; = ——=—=— and

/2 2
xi71+...+md

sind; > 0.

Let 7 := y/a? + ...+ 22. We claim that the tuple 7 := (r,01,...,64_1)

maps to z under f. By construction, 7 € U. Let y = (y1,...,yq) := f(7).

By ascending induction on i with 1 <4 < d, we show that (a) #2 + ...+
23 =r?sin?6; - - -sin? 0,1 and that (b) z; = ;.
2

For ¢ = 1, we have Z?:1 x7 = r? by definition. And by construction, we

x1
yl:’I“COS91:\/l‘%+...+$§~—:l‘1.

x%—&—...—km?l

have

If the statement holds for 1 < i < d—2, then it holds for i+ 1. To see this,
we apply the inductive assumption, in particular, our formula for x; = y;.

We have:
2?4t ad = (2l . 3g)? - 2

2

=7r2sin? 6y - - -sin?0;_1 — r?

sin? @y - - - sin® 0;_1 cos® 6;

= 7"2 Sin2 91 s sin2 (91',1(1 — COS2 91) = 7“2 SiIl2 01 s Sin2 91',1 sin 91
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Hence (a) holds. And by the inductive assumption and by construction, we
have

. . Li+1
Yiy1 = (rsinfy ---sin6;)-cos 0,41 = \/a? +...—|—a:§-—2 = Tit1.

x?—l—...—kxd

Hence (b) holds.

Finally, suppose the claim holds for ¢ with 1 < ¢ < d — 1. The same
argument for (a) in the previous paragraph applies here to show that (a)
holds for the case ¢ = d. And by definition of 8;_1, we have z4 = psinfy_1 =
rsinf ---sinfy_1 = yg. Hence (b) holds. O

Proposition 1.4.5. f: U — V is injective.

Proof. Let x = (x1,...,2q4) € Vandy = (r,01,...,04_1) € U. We show that
y is uniquely determined by z. By Proposition 1, r? = 22 +.. .—l—x(zl > (. Since

r € (0,00), then r = y/x? + ...+ z2. Define zo := 0. Then by Proposition
2, for i with 1 <i < d — 2, we have

T

@/x%—i—...—&—xg

Since m?l_l + :CCQZ > 0 by assumption, the right-hand expression makes sense
and is contained in (—1,1). Hence, there is a unique 6; in (0, 7) which makes

cosf; =

——=2i_ ). Hence, y is unique such
VaZ+..+al ’
that f(y) = =. O

the above hold, namely, 8; = arccos

We are ready to prove that f : U — V is a C*°-diffeomorphism. This
follows by finding an expression for f~! which is evidently infinitely differ-
entiable. This can also be shown by explicitly computing the Jacobian of f
and showing it is non-zero everywhere. Since we will need to compute the
Jacobian anyways for change of variables in integrals, we end up with two
proofs of this following theorem.

Theorem 1.4.6. f:U — V is a C°°-diffeomorphism.
Proof. Let © = (x1,...,24) € V. By the previous proposition, we have
= x‘li—l—...—i—xg.

For 1 <i<d -2, we have

T
0; = arccos | ——| .
x?+...+x§
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We observe that /- is C* on (0,00), that arccos is C*° on (—1,1), that
¢+ ...+ 22 is a C* function mapping into V into (0, 00), and that

x —
T — ————— is a C'° function mapping V into (—1,1). Hence, to show

e R

f~1is O is only remains to show that f;_; is a C* function of 2. We have
Td—1 T4 041 _ _Td—11i%q

COS(Qd_1> = m and Sil’l(‘gd_l) = \/ﬁ Hence e m

and so 041 = %log (\7%). We choose log to be the branch cut
Tqg—1T%g
of the logarithm with the non-negative real axis removed. Since log(:) is

Tq_1+iTq

holomorphic on this domain and is never contained in the non-

2 2

Tag—17Tq
negative real axis by assumption, we conclude that 644 is also a C*° function
Of xZ. 0

Proposition 1.4.7. Let A. = {x € R? | |z| € [1,1 +¢]}. Then

Volg_1($71) = lim ! Volg(A.).

e—0t €

Proof.

lim 1Volgl(Ae) = lim /d diz 1{z e AJ1{1 <z <1+¢€}
R

e—0t € e—0t

e—0t

1+4€

= lim [Volg_1($771) x / 747 1dr] (change of variable, Fubini)
1
1+e€

=Volg_1(3¢71) x lim rd=Ldr
e—0t J1

=Volyg_1($%"!) (Fundamental Theorem of Calculus)

d
2

27
r(g)

Proof. Applying change of variable and Fubini, we have

Theorem 1.4.8. V d > 2, Volg 1($%71) =

/ e % = Volg_1($771) x/ et gy
Rd 0

2N\ d—1 o dt 44
:>(/Re dt) = Volg (8 )x/o VA

— (VA = Vol (8 x (D)
d-1y _ 2m
- VOld71($ ) = F(%)
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Remark 1.4.9. If d = 1 in the formula, we have Voly($°) = 2 which is
consistent with the notion of measure (here the cardinality) of the two point
set.

Theorem 1.4.10.1Let d>1.
(z')/ —dlr <00 = a<d.
{o<lz|<1} |z[®

i) [

<00 <= «a>d.

|z[>1 |
Proof.
1 1
(1) / —d = Vold_1($d_1)/ rd=170%r < 00 = a < d
{o<fel<1y 2] 0
1 oo
(14) / —addaﬁ = Vold,1($d*1)/ rd1700r < 0o = a>d
{lol>1} |2] 1
O
Remark 1.4.11. Recall the solution to the poisson equation: / &)aal3 —
R¥\{z} |7 — Y|

this converges because a =1 < 3.
More generally, p € S(R%)— the latter will be discussed later and we

shall have a new function ¢(x) = / &)addy.
Ri\{z} [T — Y]
e Integrals where convergence happens for a < d are called fractional integrals.
e Integrals where convergence happens for a = d are called singular integrals which
play an important role in harmonic analysis.
e Integrals where convergence haapens for a > d are called hypersingular integrals.

Notation: We will use ~ to denote that the ratio of L.H.S. and R.H.S.
is bounded away from 0 and oo.

Theorem 1.4.12. Let d > 1.

1 1
1.a>d,/ —dlr ~ — when R — 0F.
{R<lo|<1y |2[* R

2. a < d, —d% ~ R¥™® R — .

(1<|z|<R} |@|*

1 1
3. / —d'z ~ log () ,R—0".
{R<|z|<1} |7 R

dz ~ log(R),R — .

" Ji<iai<ry |2

Proof. All of the above follow from change of variable to spherical coordi-
nates and following the same method as we did in the earlier proofs. O
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Topological Vector Spaces

2.1 Abstract Metrics

Definition 2.1.1. Let (V,+,-) be a K-vector space with topology I (K
is equipped with some topology I’ also; particularly if K is an Euclidean
space then we would just take I’ to be the standard topology induced by
the Euclidean norm). It is called a topological vector space (TVS) if the
two maps defined by

VxV -V KxV =V
(x,y)—z+y (A v) = v

are continuous with respect to . Here the products V' x V and K x V" are
equipped with product topology.

Definition 2.1.2. Let (V,+,-) be a K-vector space (K is either real or com-
plex). We call p: V — [0,00) a seminorm if

o p(Az) = |Ap(z);

o plz+y) < p(x)+py).
Additionally, if

e p(z)=0=2=0,

then we call p a norm.

Notations: Generally if we use (X, d) to denote a metric space and 7(d) to
denote the topology induced by metric d. And we use Ny (V') to denote the
set of all seminorms on V.

59
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Definition 2.1.3. Let (V,+,:) be a K-vector space. For a subset N C
Naii(V') and an element p € Ny (V'), we say p is continuous relative to N if
there exist ¢ > 0 and a finite subset {T1,...,7,} C N such that

plx) <c(Ti(z)+ ...+ Th(x)) forallzeV.

Remark 2.1.4. Every p € N is continuous relative to N. This is because
p(x) < 1(p(x)) for all z € V.

Definition 2.1.5. Let (V, +, -) be a K-vector space and let F' = {p1,...,pn} C
Nogg(V'). A multi-ball B(z, F€) is defined to be

Bz, Fie) ={yeV |pily—z)<e,...,pn(y—x) <e€}.

Definition 2.1.6. Let (V,+,:) be a K-vector space. For a subset N C
Noii(V), the topology induced by N is denoted 7(N) and defined by

{UCV |VxeU3Je>0 & finite set F' C N s.t. B(z,F,e) CU}.

Proposition 2.1.7. The 7(N) defined above is indeed a topology. Moreover,
if p is continuous relative to N, then B(x,{p},€) € T(N) for any x and e.

Proof. 7(N') is a topology: It is trivial that () € 7(W) and 7(N) is closed
under arbitrary union. If Uy, U € 7(N) and Uy N Uz # O (otherwise Uy N
Uy =0 € 7(N)), for any x € U; N Us there exist €1, €z, Fy, Fy such that
B(x, F1,€1) C Uy and B(z, Fy, €e3) C Uy, then

B(x, Fy U Fy,min{ey, e2}) C B(x, F1,€1) N B(x, Fy,e9) C Uy NUs.

By definition U; N U3 € 7(WN).

B(x, {p},€) € 7(): For any y € B(x, {p}€), let ¢ = (e — ply — 2))/2.
Then for any z € B(y, {p},€)

plz—z) <plz—y)+ply—z) < +ply—xz) <e

so B(y,{p},€) C B(x,{p},€). Since p is continuous relative to N there are
c and F = {p1,-..,pn} C N such that p < c(p1 + ... + pn). If we take
= (n+1)c, then pi(z —y) < €’ for all 1 < k < n implies p(z —y) < €, thus

B(y, F,€") € By, {p}.€) C B(z,{p} €).
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Remark 2.1.8. Since for every p continuous wrt N, B(z,{p},€) € 7(N), it
follows that 7(Nept) = 7(N), where Ny is the set of all seminorms continuous
wrt N. Therefore, it is more convenient to use Nt as the defining set of
seminorms for V' as opposed to using V.

Proposition 2.1.9 (Single Seminorm Openness Criterion). Let U C V.
Then U € 7(N) if and only if for any x € U there exists e > 0 and seminorm
p continuous relative to N such that B(x,{p},e) CU

Proof. (=): If x € U, there exists € and F' = {p1,...,pn} C N such that
B(z,F,e) CU. Let p= p1+...+ p, which is continuous relative to N, then

B(z,{p},€) C B(z,F,e) CU

(«<=): Now suppose for any = € U, B(z,{p},e) C U with some € > 0
and seminorm p continuous relative to N. By Proposition 2.1.7 we know
every such B(z,{p},€) € 7(N) therefore

U= B(z,{p},e) € T(IN).
zeU

Note that p depends on x. O

Proposition 2.1.10. Let (V,+,-) be a K-vector space and N C Ny (V).
Then (V,7(N)) is a topological vector space. Such a TVS is called a locally convexr TVS
(LCTVS).

Proof. We've shown (V,7(A)) is a topology in Proposition [2.1.7]

“4+” is a continuous map: We’ll show preimage of open set is open. Given
UerWN)and z+y € U (z,y € V), there exist € and F' = {p1,...,pn} C
N such that B(x 4+ y, F,e) C U. Because pi’s are seminorms, triangular
inequality guarantees that

B(z,F,e/2)+ B(y,F,e/2) C B(x +vy, F,e) C U.

Thus B(z, F,¢/2)x B(y, F, ¢/2) is an open neighbourhood of (z,y) contained
in the preimage of U.

“.” is a continuous map: Given U € 7(N) and Az € U (A € K,z € V),
by Proposition there exist € and p continuous relative to N such that
B(Az,{p},e) C U. Now for any (u,y) € B(\,€') x B(z,{p},€) with small
enough ¢’ we have

p(py — Az) = p(py — px + pr — Az)
< lulp(y — ) + |n — Alp(x)
< (N +€)e +éplx) <e

so B(\,€) x B(z,{p},€), which is an open neighbourhood of (\,z) (by
Proposition [2.1.7]), is contained in the preimage of U. O
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Proposition 2.1.11. Let (V,+,-) be a K-vector space, p € Noy(V') and N C
Nat(V'). Then p is continuous relative to N if and only if p : (V,7(N)) —
[0,00) is continuous.

Proof.
(=): Only need to observe that p=1([0,7)) = B(0,{p},r) € 7(N) by Propo-
sition 2.1.71

(«<=): In particular, p is continuous at 0 € V. So there exist ¢y and F' =
{p1,...,pn} C N such that p(B(0, F,ep)) C [0,1]. Fixan z € V. If
pr(z) # 0 for some k, let A = 2(p1(x) + ... + pn(z))/€0. Then for all
1<k<n

pk()\_la:) = A_lpk(.%') < 60/2 < €

so Al € B(0, F,¢). Then p(A~'z) <1 and
2

o) = M) < A= =

(pr(z) + ... + pn(®)).

If pp(x) = 0 for all k, then u~'z € B(0,F,¢) for any g > 0 thus
p(p~tx) <1 and
pl) = pp(p~"z) < p
for any p > 0, so p(z) = 0 and it is trivial that
2
p(x) < %(m(m) + ...+ pn(2)).

Since x is arbitrary and €y only depends on p, by letting ¢ = 2/¢y we
prove p is continuous relative to V.

O]

Proposition 2.1.12. Let (V,+,-) be a K-vector space and Ny, No C Ny (V).
Then 7(M) C 7(Ne) if and only if every p € M is continuous relative to Ns.

Proof.

(=): Suppose p € N;. Then p is continuous relative to N;. Then by Propo-
sition p is continuous with respect to 7(Ny). 7(N;) is contained
in 7(M), so p is also continuous with respect to 7(Nz). By Proposi-
tion [2.1.17] again, p is continuous relative to M.

(«<=): If p € Ny then p is continuous relative to Ny and by Proposition m
we know B(xz,{p},€) € (M) for all = and e. But 7(N) is generated
by {B(z,{p},€) | p € M}, so 7(M) C (o).
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Corollary 2.1.13. Let (V,+,) be a K-vector space and Ny, No C Ny (V).
Then 7(N1) = 7(Ne) if and only if every p € Ny is continuous relative to Ny
and vice versa.

Definition 2.1.14. Let (V,7) be a LCTVS. We call N C N, (V') a defining collection
of seminorms for (V,7) if 7(WN) = 7.

Proposition 2.1.15. (V,7(N)) is Hausdorff if and only if N is a separating
collection of seminorms, i.e. for any x € V' \ {0} there is p € N such that
p(x) > 0.

Proof. See the lecture notes in Math 7310, proposition 3.8. O

Proposition 2.1.16. Let (V,7(N)) be a Hausdorff LCTVS. Then the fol-
lowings are equivalent:

1. 'V is metrizable.
2. V is first countable.
3. There ezists a countable No C N such that 7(N) = T7(N).

Proof. See the lecture notes in Math 7310. O

Definition 2.1.17. A LCTVS (V,7) is called a Fréchet space if and only if
there exists a sequence of continuous seminorms {p, }n>1 such that

d(z,y) = Z 27" min{1, pp(z — y)}

n>1

is a distance which induces the topology 7 and (V,d) is a complete metric
space.

Remark 2.1.18. The {py, }n>1 above is automatically defining and separating.
Any single or finite collection of seminorms is included by the sequences
{pn}n>1 with repeating elements.
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Definition 2.1.19. A LCTVS (V, 1) is called a Banach space if and only if
there exists a norm || - || that induces its topology (that is, 7(|| -||) = 7) and
V is a complete metric space under the induced metric d from || - |.

Remark 2.1.20. Every Banach space is a Fréchet space because the norm
| - |l from the Banach space creates the distance d needed in the Fréchet
space. On the other hand, a distance d does not necessarily induce a norm,
and hence a Fréchet space is not necessarily a Banach space.

Theorem 2.1.21. Let Vq,...,V,,W be LCTVS’s and let h : Vi x...xV, —
W be a K-multilinear map. Then h is continuous if and only if for any
continuous seminorm p on W there exist continuous seminorms 11, ..., T,
on Vi,...,V, respectively, such that

p(h‘(wl’ s axn)) < Tl(xl) o Tn(ilfn)
for all (x1,...2,) € VI X -+ X V,.

Proof. “=": For any continuous seminorm p on W, by Proposition [2.1.7
and Proposition [2.1.11] B(0,{p}, 1) is open in W. Because h is continuous,
there exist open sets U, C Vi which all contain 0 such that

h(Up x --- x Uyp) C B(0,{p},1)

By Proposition [2.1.9] and Proposition [2.1.11] there exist €, and continuous
seminorms o on Vj such that

B(0,{ox},ex) CU; foralll <k <mn.
Fix an (z1,...,2p) € VI X --- X V.
CASE: og(zk) # 0 for all .
Let A\ = 20 (k) /€x. Then for all 1 <k <n
Jk()\];1$k) = )\lzlok(a@k) <e€r/2 < €
so A\; 'z € Ug. Then p(h(A\'@1,..., A7 2,)) < 1 and

p(h(z1,...,zp)) = A1+~ )\np(h()\flxl, ... 7)\,;lazn))
<A A

. 201(331) o 2Un(xn).

€1 €n
CASE: oj(xj) = 0 for some j.
Then p~tz; € B(0,{0}},€;) for any p > 0 thus

p(hA oy, ey, A ) <1
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where A\’s are defined as above. So, similarly

p(h(z1,...,zp)) < (H )\k) L
k#j

for any p > 0, so p(h(z1,...,2,)) = 0 and it is trivial that

201(x1)  20p(wn)
€1 €n

p(h(x1,...,2p)) <

Since x’s are arbitrary and €x’s only depend on p, by letting Ty, = 204 /¢,
we prove the right direction.

“«<=": To prove the other direction, let (z1,...,2,) € Vi X ... x V.
Assume 2 is an open set in W such that h(zy,---,z, € Q. By Proposi-
tion there exists a continuous seminorm p on W such that that

p(z —h(z1, - ,x5)) <€

for any z € W. By hypothesis, there exist continuous seminorms 7y, ..., T
on Vq,---,V, satisfying the hypothesis inequality. Let

M = <1r£1?§xnn(mi)) +1
and fix a > 0. Consider (y1,...,yn) € V1, ..., V,, such that 7;(y; — x;) < a for
all 4.

Observe we have the following telescopic sum

n

h(y1y ooy yn) — h(x1, ooy ) = Z {h(;z;l, s 1, Yy s ey Yn)—
i=1

<

- h(l’l, s Ljs Y41, 72-/11)}
n

= Z h(Ila o Tj—15Y5 — T Yj+1, -0 yn)

<
—_

where the last equality is because h is multilinear. Therefore,

(R, s tn) = h(@r, e m0)) < Y m(@) ()Y — )
j=1

’ Tj+1(yj+1) e Tn(yn)
< na(M +a)* ! (by triangle inequality)
<€ (for small enough a > 0)

And so h(ITix; B(zi,{m:},@)) C Q. Hence h is continuous. O
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We’ll denote the space of continuous multilinear maps Vq x ... x V,, — W
by £, (Vi,..., Vu; W). This is a vector space and we’ll give it a topology at
a later time.

Definition 2.1.22. A morphism from a TVS (Vi,71) to a TVS (Va, 1) is
both a morphism of topological spaces (continuous function) and a morphism
of vector spaces (linear transformation).

Remark 2.1.23. The definition of an isomorphism of TVS’s follows immedi-
ately.

Definition 2.1.24. Two topological vector spaces (Vi,71) and (Va,72) are
isomorphic as topological vector spaces if and only if there exists a linear
bijection f : Vi — Vj such that both f and f~! are continuous.

Definition 2.1.25. Let (V,7) be a locally convex topological vector space.
Then V' := £1(V;K) is the topological dual space of V.

Note that we can consider the dual space of the dual space: %1 (V’;K)
which we call the double dual space. We denote this by V”.

Definition 2.1.26. Let (V,7) be a TVS. A subset A C V is a bounded
subset if and only if for any open set € in V' containing 0, there exists A > 0
such that AA C Q.

In other words, a bounded subset can always be rescaled to fit inside any
open set as long as the open set contains 0. In general, bounded sets are
much smaller than multiballs and open sets.

insert R? example

Proposition 2.1.27. Let (V,7(N)) be a LCTVS and A C V. Then the
following are equivalent.

1. A is bounded.

2. For every continuous seminorm p, p(A) is bounded (in R)

3. For every p € N, p(A) is bounded.
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Proof. We’ll show 2 is equivalent to 3 and 1 is equivalent to 2.
(2 = 3) Trivial because p € N is automatically continuous relative to .

(3 = 2) If p is continuous, then p < C(p1 + -+ pp) where p; € N. By
assumption, there exists M; > 0 (for 1 < ¢ < n), such that for all z € A,
pi(x) < M;. Therefore p(z) < C(M; + ... + M,) for all z € A and we have
p(A) is bounded.

(1 = 2) Assume p is a continuous seminorm. Since B(0,{p},1) is an open
set, A bounded implies AA C B(0,{p},1) for some A\ > 0. Therefore,
p(Ar) < 1 for all x € A which is equivalent to p(z) < A~! for all x € A.
Hence p(A) is bounded.

(2 = 1) Let © C V be an open set containing 0. We want to show that
there exists A > 0 such that Az € Q for all x € A. By Proposition 2.1.9]
there exists a continuous seminorm p and € > 0 such that B(0,{p},¢e) C Q.
By hypothesis, p(A), is bounded so there exists M > 0 such that p(z) < M
for all z € A. Fix A =¢/2M > 0 and = € A. It follows that

€

p(Ax)§(2M>M<e - e

and so A is bounded. This completes the proof. O

Proposition 2.1.28. Let (V,7) be a LCTVS with topological dual V'. Fiz
a bounded subset A C V. For functional L € V', define

[IL]|a == sup |L(z)].
T€EA

Then || - || 4 s a seminorm on V'.

Proof. First check that || - |4 is well defined over V'. Let L € V' meaning
L :V — Kis a continuous linear form. Note that absolute value map |- | on
K is a seminorm. By Theorem there exists a continuous seminorm
p on V such that |L(y)| < p(y) for all y € V. Since A is bounded, p(A) is
bounded by Proposition and so we get |L(z)| is finite for all z € A.
Hence, || - || 4 is well defined.

It is easy to check that || - |4 preserves scaling and is subadditive. Fix
AeKand Ly, Ly € V.

[AL|la = sup [AL(z)| = sup [A| |[L(z)| = Al |L[|a
z€A T€EA
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|L1 + La||a = sup |Li(x) + La(x)|
z€A

< <sup |L1<:c>r) s (sup 1L2<x>\>
z€A T€EA
— NLalla + Lol

and so || - || 4 is a seminorm on V. O

Definition 2.1.29. The topology on V' which we will use is
7({|l - lla : A CV bounded}).

We call this topology the strong topology and V' equipped with the strong
topology is called the strong dual.

Be aware that the definition of the strong topology is done over all
bounded subsets A of V. Observe that this is the topology of uniform
convergence.

Another topology which is common is to only consider singleton sets, i.e.,
7({|- (z)| : @ € V}). This topology is known as the weak-* topology which
corresponds with the topology of pointwise convergence. These lecture notes
will focus soley on the strong topology.

Proposition 2.1.30. Let (V,7) be a LCTVS. There exists a natural linear
map
V=V
ev
x +— ev(x)

where for all L € V', ev(z)(L) = L(x). This map is called the evaluation map.

Proof. Fix x € V. The map ev(z) is a well defined function since ev(z)(L) =
L(x) is finite for all L € V. Furthermore, ev(x) is also linear (in V and in
V). Indeed,

ev(z +y)(L) = L(z +y) = L(x) + L(y) = ev(x)(L) + ev(y)(L)
and
ev(z)(L+ M) = (L+ M)(z) = L(z) + M(x) = ev(z)(L) + ev(z)(M).

We need to show ev(z) is continuous for strong topology on V'.
Take A = {z} C V. Since a singleton set, A is automatically a bounded
set in V. Since

|L(z)| = sup |L(y)| = [|L]|a
yeA
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for all L € V' it follows that
lev(x)(L)| < [[L]la

for all L € V'. But || - |4 is a generator for the strong topology on V'’ and
so it follows that |ev(x)| (a seminorm on V') is continuous. Hence ev(x)
is also continuous which allows us to say ev(xz) € V”. This completes the
proof. O

Notice that we in fact showed that for any x € V, ev(z) : V! — K is
continuous with respect to the weak-* topology. Indeed the proof only uses
a singleton set {z} in V" which is exactly a generator for the weak-* topology.

Definition 2.1.31. Let (V,7) be a LCTVS. It is reflexive if and only if
V =% V" is an isomorphism of TVS, i.e., bijective with ev and it’s inverse
continuous.

2.2 Multisequences With Fast Decay

Definition 2.2.1. A Fréchet space (this is equivalent to the original defini-
tion of Fréchet space)

1. has a topology induced by a countable number of seminorms

2. is Hausdorff

3. is a TVS with respect to that topology

4. is complete with respect to the metric induced by that topology

Definition 2.2.2. The space of multisequences with fast decay is the TVS

3(Ng, K) := {multisequences with fast decay}

d
= {(xa)aeNg € KNO ‘ Vk € No, HxHoo,k’ < OO}

where ||z = SUDqeNd (@)F |z4| € [0,00] is a norm, and the topology
is T({ Il loo e [ ¥ € No})-

Remark 2.2.3. The above is a well-defined TVS.

Proposition 2.2.4. 5(N&, K) is Fréchet.
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Proof. By definition, 3 = 3(Ng, K) is already a TVS with its topology induced
by a countable number of seminorms. It can be verified that this space is
Hausdorff. The only thing left to verify is that the metric is complete.

We define

d(z,y) = Z 27" min{1, |z — yllog 1 }-
n>1
Now T({[|lox | & € No}) = T(d) is guaranteed as long as d is a
distance (but we will not prove d is a distance here. We will assume that
is true). We can now show that 3 is complete with respect to d instead of
working directly with the seminorms.
Let (2(™)p>1 = (((ﬂfa)aeNg)(m)) be a Cauchy sequence of se-

m>1
quences (x4) aENd- By definition of Cauchy, this means that

Ve > O’ElM 2 O,Vp,q > M7 d(‘r(p)am(q)) < e.

But 27  min{L, |z — yll, o} = 27 min{L, |z — yll o 14} < d(z®), 2(0),
so (z(™)),,~1 is Cauchy for |- too.
=z 00,0
So for any fixed «, (w&m)) - is Cauchy in K. Because K is complete,
m>

(m)

lim,, o0 o ~ exists. So we define
Ty = lim z(™

m—o0 @

Since this happens for each «, we now define
x = (xa)aeNg-

Remember, we are trying to prove that (:c(m))mzl converges. We now
prove that (z(™),,>; converges to 2. But first, a lemma:

Lemma 2.2.5.
1. Vk,Vp, ‘x(p) — :cHook < 00
2. Vk, limy_s0 Hx@) - “’Hoo =0

Proof. We know, for any fixed k > 0,
o (+1) mm{l, [« - x<q>Hoo7k} < d(z®), £ ).
Since (2("™),,>1 is Cauchy, Ve, IM, Vp, ¢ > M,
o (k-+1) min{l, o) - x(q)Hoo,k} < dz®),29) < ¢

min{l,

} < 2k+l€

)x(p) _ x(q)H

o0,
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Now as long as we chose our € to be smaller than 2~ (k+1) i the first place,
we have min{l, Hx(p) — x(q)H } < 1, so that min{l, Hx(p) — x(Q)H } =
00,k 00,k

H:c(p) — 29 H K Consequently, we no longer have to bother with the min{1, -}
0,

part of our expression:

Hx(p) _ x(q)H < okt
00,k
sup (a)* ‘x,&p) — mg{q)‘ < oktle

aE€Ng

Since this is true for all ¢ > M, we can let ¢ — oo while leaving the
other variables alone:

sup (a)F ’xgp) - xa‘ < oktle

aENg
Hx(p) - a:H < ok+le
=2 =<, <o
To summarize, we have shown that M, Vp > M, Ha:(p) - a:” N < 00.
m7
This proves item (a).
((this next part is unclear:
and 2(P) € 5 = ||z, < oo for all z € 5, for all k € NZ.
)
Now since Ve, 3M,Vp > M, ||z®) — mH < 2F*1e we have that
o0,
Vk, lim Hx@ —xH =0,
p—>00 00,k
so we have proven item (b). O

We now continue with our main proof, using the lemma to show that
d(z®,z) = 0...

d is a summation, so the idea is to chop off a tail from d that is small
enough.

Let (z(™),,>1 be Cauchy for d. Tt follows that for all p,q > 1, for all
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reN,

A, @) = 3 27" min{l, [+ — 0| n_l}
o, 5
e n=r+1
= i 27"+ ZT: 27" min{l,
n=1

L) _ @ H }
n=r+1 co;n—1

-9 4 zr: 27" min{l, Ha:(p) - iC(q)HOO 1}
n=1 -

.
<> 27" min{l,
n=1

We will now pick an r so that each piece of the above is bounded by 5

and thus d(z®), 2(9) < e.
Let € > 0. Pick r s.t. 27" < §. This bounds one piece.

Asfor >, ;27" min{1, ‘ z®) — z(a) HOO n_l}, note first that this is a finite

sum, and second that for all n, for any ¢, there exists an M s.t. for all
p.q =M,
D, q 2 Mlu a)Mr, we have

; 27" min{l, Hm(p) - x(q)Hooyn_l}

<y g [+ - 2]
n=1

T (9
< E 2" <2”>
— 2r

N

‘x(p) — x(q)H < 2"e. So we choose 5. as our ¢, and then for
oco,n—1 r

oco,n—1

3

— 2r

So we have Ve, IM,Vp,q > M, d(:r(p), :c(‘i’)) < ¢ as desired. Again we can
hold all variables constant while letting ¢ — oo, so that

Ve, 3M,Vp,q > M, d(zP), z) < e,

and therefore d(z®,z) — 0 and so (z(™),,>; converges to x. Yay!
((unsure if what i did immediately above was legal or not))

We conclude that (:z:(m))mzl is complete with respect to d, and thus with
respect to F(d), and thus with respect to T ({ |- |l s | ¥ € No}).

All of the properties of Fréchet have been satisﬁéd, so we conclude that
5 = 5(Ng, K) is Fréchet. O
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Proposition 2.2.6 (“one ¢ to bound them all”). Let Vi,,, V,,, W be normed
spaces and h: Vi x x X V,, = W be multilinear. Then h is continuous iff
Je > O,V(l’l, ) ,.Tn) € V1 X X X Vp, ||h($1, ) 7xn)||W <c ||$1HV1 T HanVn

Proof. Please recall theorem [2.1.21
° [44 ﬁ b))

Given h is continuous, then because | - ||y, itself is continuous with

respect to {|| - ||y}, theorem [2.1.21] gives us that
Hh(.’L‘l, IR xn)HW < Tl(.’L‘l) e Tn(.%'n)

for some T}, continuous with respect to {||-[|y; }. But T}, continuous
with respect to {||- ||y, } means that there exists some cj such that
Ty < ck |-y, - So we have
Hh(xlv ) 7xn)HW < Tl(xl) o Tn(xn)
<clzilly, - enllznlly,
=(c1...cn) ”371HV1 e ||33nHVn

= cllzally, -+ llzally,

as desired, as long as we choose c=cj ...cy,.

° “<:77
In order to apply theorem [2.1.21] to our situation, we need only show
that not just || - ||y;;, but ALL seminorms p continuous with respect to

{I| - llw} satisfy the inequality p(h(z1,,,2n)) < Ti(x1) - Th(xy,) for
some continuous seminorms T}, on V.

But since p is continuous with respect to {|| - ||y}, then p < c, || - |l
for some constant c,. It follows immediately that

p(h(ﬂfl, 7>$n)) < Cp Hh((l)l, ) 7$n)HW
< cpcllzally, - lzally,
:Tl(xl)Tn(xn)

as long as we choose T1 = cyc||- ||y, and Ty = |- ||y, for all k # 1,
which are certainly all continuous seminorms on V.

We have now satisfied the conditions of theorem [2.1.21] so we get that
h is continuous as desired.

O

Proposition 2.2.7. Let (V.| -||) be a normed space and A C V. Then A is
bdd by the TVS definition of bdd iff A is bdd by the normed space definition
of bdd.



74 2. TOPOLOGICAL VECTOR SPACES

Proof. Please recall proposition [2.1.27]

Remember that (V|| -||) is a LCTVS because its topology is the topology
T ({]|-||}) induced from the seminorm || - ||.

Therefore proposition [2.1.27] gives us the following equivalence:

A is bdd by the TVS definition of bdd
it Vp e {|| - |}, p(A) is bdd in R
iff ||A]| is bdd in R

iff sup ||z|| is finite
z€A

iff A is bdd by the normed space definition of bdd.

Proposition 2.2.8. Let (V.|| -||) be a normed space. Then V' = V', where
the LHS is the strong dual of V as a LCTVS and the RHS is the dual of V
as a normed space defined using the operator norm |- ||, (v k)-

Proof. o ‘=7

For any linear form L: V — K, we know that

| L(z)|
[L]lyr = sup
zeV~{0} ”l’H

is the operator norm of L. We wish to show that F({|| |, }) =
T{|l-1]4 | A CV,Abounded}).

If we choose cleverly a specific A := {x € V| ||z|| < 1} (note that A is
bounded in the LCTVS sense), then we have that

IL||y+ = sup |L(z)|.
T€EA

Since L was arbitrary, this implies that ||- ||\ is continuous with re-
spect to {||- |4 | A C V, A bounded}.

° “s ”

Conversely, let A C V' be bounded (and ignore the trivial cases A = &
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and A = {0}). Then sup,c4 ||z]| = B < co. It follows that

IL|[ 4 = sup |L(z)|
€A

= sup |L(z)]
€ A~{0}

= sup

z€AN{0} H‘TH
L

< sup [L(z)|

zevfoy Izl zea

< |Llly B

< o0

Since L was arbitrary, this implies that for every A, || - || 4 is continuous
with respect to || - ||,. This implies that {| -], | A C V, A bounded}
is continuous with respect to || ||,

“ 2
[} =

Putting it all together, we have shown that | -, and {||-||, | A C
V, A bounded} are continuous with respect to each other. Therefore,
they induce the same topology. This gives T({ |- |ly/}) = T 114 |
A C V, A bounded}) as desired.

O

Corollary 2.2.9. Let (V| -||) be a normed space. Then V is reflexive in
the normed space sense iff V' is reflexive in the LCTVS sense.

Example 2.2.10. (V,|-|) = (L*(X, o, 1, K), || - || ;2) is reflexive.

For z = (ma)aeNg € KNG, we defined for k € Ny,

|20k = sup ((a)*|zal)
aENg

(2) = /1 + 2%

3(NE,K) = {2 € KN6| ¥V &k > 0, [[2]|ao s < 00}
with topology 7({|| - Hook | k> 0}).

where for z € R 5 N¢,

Define

Theorem 2.2.11. 3(N&,K) is Fréchet. (Yes, this is redundant, and redun-
dancy is okay. This happened because the theorem was incorrectly proved the
first time. But the first version of the proof in the notes has been fixed, so
now we have two versions of the correct proof.)
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Proof. Define

d(z,y) = Z 2k min(1, ||z — yllcok—1)-
k>1

It is easy to see that d defines the topology, and so 4 is metrizable. It remains
to show that it is complete.

Suppose (ac(m))mzl is Cauchy in » for d. First, we show that for all & > 0,
(20™),,>1 is Cauchy for || - ||oo 5. Let k> 0 and € > 0. Then there exists an
M > 0 such that for p,q > M,

d(z®), 2Dy < 2=+ min(1/2, ¢).
Then
9=(k+1) in(1, |2 ®) = $(q)"w7k) < d(z® 2Dy < 27+ min(1/2, ¢).

Since d(z®), (@) < 1, we have that

min(1, [|#® — 2@ o) = 2P — 2| x < e
Now, since || - ||oo,0 is the norm of uniform convergence on N, since
(™)1 is Cauchy in || - l|00.0, it is pointwise Cauchy, i.e. for all a € Ng,

if (.x((xm))le is Cauchy in K, then it converges to z,. This defines x =

(xa)aeNg‘

Claim: For all k& > 0, [|[2™) — z||o is finite and converges to 0 as
m — oo.

Fix k, and suppose (2("™),,>1 is Cauchy for | - || & Then for all € > 0,
there exists an M such that for all p,q > M,

[ = 2 o = sup ()"0 — 20| < e
aENg

Hence, for all p,q > M and all «,

(a)Ff|zP) — 2D <.

ol =
Taking the limit ¢ — oo, we have that for all p > M and o € Ng,
(@)F|z) = za| < e,

i.e. for all p > M, ||z(P) — 2|, < e. Hence x € 3 (is we choose z(P) € ).
Moreover, for all k£ > 0,

: (m) _ —
Tim [ — ] e = 0.

So, let € > 0, and choose K > 0 so that 2-K < €/2. Then

K
d(z™, z) < 27K + Z 27F min(1, [|#™ — T|oo,k—1)
k=0
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where the first term is smaller than €/2 and the second term limits to 0 as
m — oo. Hence

lim d(z™, z) =0,

mM— 00

which implies that (3, d) is a complete metric space, which then implies that
it is Fréchet. 0

Definition 2.2.12. For all p € [1,00), x € 5, and k > 0, let

1/p

lzllpe = | D () laal”

aENg

Remark 2.2.13. This is || - ||z» for (N, P(N3), ux) where py, is defined on

singletons by ux({a}) = (a)*.

Note that || - |[zoe # || - [|oo k-

Proposition 2.2.14. For all p € [1,00), {|| -
collection of seminorms.

pk k€ No} is a defining

Corollary 2.2.15. For each k > 0, let %}, denote the Hilbert space L*(N&, P (N&),K).
Then #y, C Hy+1 and
d = rw 7.
k>0

Remark 2.2.16. For all p € [1,00], ||-|lp.x < || ||p,k+1 because the dependence
in k for uy is based on the weight.

Before we prove Propostion we will need a lemma.

Lemma 2.2.17. Let A\ € R. Then if A\ > d, we have

Z ()™ < 0.

d
aeNG

Proof. Recall that for a € R, 2a < 1 + a? (because (a — 1)? > 0. Then for
z,y € RY

(z+y)?=1+|z+y|?
<1+ |z + |y* + 2]yl
ST+ 2P+ [y)? + 1+ |2y
<2+ (14 |2z*)(1 + |y)

Hence (z +y) < v2(z)(y).
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Now, if u € [0,1)%, then |u| < v/d, and so (u) < vd+ 1. Let A > d,
a € Nd, and u € [1,0)%. We have (o + u) < v/2(a)v/d + 1. Then

() < 2d+ 1)V a +u)™

< (2(d+ 1))”2/ dhufa +u) >,
0.1y

and so, using countable additivity of measure and then switching to spherical
coordinates, we have

> @A) [ ()

aeNd [0,00)
<@+ DM [ dlafn)
R
A2 a1y, [ !
Since the integral is finite, we have proved the lemma. O

Now, we are ready to prove Proposition

Proof. Suppose p € [1,00) and k € Ng We first show that || - ||, is finite.
If x € 3, then [[z]]} , = ZaeNg<a>klwa|p. Pick m > %. Then k —mp <
d, and by the preceeding lemma,

lzllp e = D @) ({@) ™™ |z]loom)”

aeNd
= ||z floom Y (@)™ < oo
aENg

Hence ||z||pr < 0o. Moreover, | - ||, & < (constant) || - |loo,m, i-e. || - |[px is
continuous relative to the || - ||o 5 seminorms.

It remains to show that || - ||ocx is continuous relative to || - ||, %. For
m = kp,

(Il oc,e)? = sup({e)*|zal)?

> () Plzal?
(@)

>

IN

IN

"aal”

Hence || [|ook < ||*|lp,k, Which implies ||-||o0 & is continuous relative to || - ||, -
S0, & = {1 lpm|m € No}. .
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A variant: One can also define for d > 1
d
3(2%,K) = {(#a)acz € K*'| V k € No, ||l co s < 00}

where ||2||so k = SUpyezd(a)¥|Ta.
Let 7 be the topology defined by these seminorms. E|

Theorem 2.2.18. For all d > 1, 5(Z%,K) ~ 3(N&,K) as TVSs.

Proposition 2.2.19. 3(Z¢,K) is isomorphic as a topological vector space to
5(N4, K).

Proof. Define a bijection 7 : Ng — Z by (7(0),7(1),7(2),...) =(0,1,-1,2,-2,3,...

i.e. for n € Ny,
—n/2 n=0 mod 2
T(n):{"# n=1 mod?2’

Next define
o: N z4

a=(ay,...,aq) = o(a) = (1(a1),...,7(aq)).

Furthermore, define
L:5(Z% — s(Ng)

Lz)=zx0o

T = ("Ea)aezd = L(l’) = (xa(a))aGNg'

Note,

d d
(0(0)) <1+ (a2 +1) < (14d/2) + 3 Y a? < (1 +d/2){a)’

i=1 i=1
= Je; > 0,Vd € N&, (o(a)) < e1{a),

e.g., we can let ¢; = /1 +d/2.

1One can, in the preceding proposition, replace N¢ with Z¢ everywhere with no change
except the step establishing (o)™ < ... fRd dx(z) ™.
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If n € Ng is even, n = 2|7(n)|.
If n € Ng is odd, n < n+ 1 = 2|7(n)|. Therefore,

Vn,n < 2|7(n)|

d d
=SVaeN§, (@) =14+ of <1+ 47(a;)? < 4{o(@))?
i=1 =1

= Jeg > 0,Va € N&, (a) < ex(o(a)),
e.g. we can let co = 2.

We verify that L is well-defined. If = € 3(Z%), L(z) € KNo, let k > 0,
note

1L(@)|lak = sup (B)*|zq(5)| < c5 sup (0(8))* 23| = ¢5 sup (@)*|zal,
BeN BeNG aezd

so L is well-defined and continuous, as the final expression is ||z||eor < 00.
Note we used the bijectivity of o at this step.

Conversely: let
R:N — 5(2%

y»—>yoafl

soVa €z (yoo ), = Yo-1(a)- We now note that

k>0, IRW) ook = Y () Fyo-1()]

aczd

and using the bijectivity of our map, this expression is equal to

sup (0/(8))"lys| < i sup (8)*[ys|
BeNd BeNY

= Vk € No,Vy € 3(N3), [|R(Y)||oo < F1[Yl]o0k

= R(y) (27,

and therefore R is continuous using the criterion for the continuity of multi-
linear maps. Furthermore, L and R are inverse to each other by construction,
so our work is done.

O

Theorem 2.2.20. Vd > 2, :S(Ng,K) is isomorphic as a topological vector
space to 3(No,K) =: 5(K) (also denoted 3).
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Proof. Recall N3 =~ Ny as sets. We employ the bijection of these sets that
enumerates the elements of N3 in the following way:

(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),...
. This enumeration corresponds to the general construction for d > 2:
. d

where Vk > 0, s := {& € N& : a; + --- + ag = k}; in our initial enu-
meration, s would corresponds to {(0,2),(1,1),(2,0)}, for example. Then
putting si’s consecutively, we obtain (p4(0), pa(1),...), where inside each sy
block, we use lexicographic order. Therefore, in our original construction,
p2(0) = (0,0), p2(1) = (0,1), p2(1) = (1,0), and so on.

We note that in this process, we consider a dictionary where 0 = A,1 =
B,..., eg., for d =3,k = 2, the ordering inside sg is:

(0,0,2),(0,1,1),(0,2,0),(1,0,1),(1,1,0),(2,0,0).
We have that

C(kt+d=1\ _ (k+1)(E+2)... (k+d—1)
sl=1"y_1 )= d— 1)

The key remark here is that |s;| grows polynomially in k (= k%~1).

Lemma 2.2.21. dcy,co > 0 such that Vn € Ng,
{pa(n)) < c1(n)

(n) < cafpa(n)).

Proof. Let pg(n) = (a1,...,aq) € s so that |a] = k. Our proof of the
lemma begins with the observation that if pg(n) € sk, then k < n because

n>lsol+ -+ |sk—1| =n>k.
If pg(n) = (e, ..., aq), then

(pa(n))> =14ai+---+af
<14 (ag + -+ ag)?
=1+Fk
<14 n?
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so ¢; = 1 suffices.
Next, we note that
N = [so| + -+ [sx]
:\{aeNg:al—l-H'—f—ozdng

={Be NI B+ 4 By = kY|
(k+1)--(k+d)

d!
d
< (k+d)
- d!
and given that pg(n) = (aq,...,aq), we have oy + -+ - + ag = k, and

k+d=d*x1+1xa1+---+1*xay
:<d,1,...,1>.<1,0él,...,0éd>
< |Kd,1,..., 1) |I{1,a1,...,aq) (by Cauchy-Schwarz)

:\/d2+d-\/1+a%+---+a§.

Note that the second square root is less than (p4(n)). Now we note that for
N > 1, we have

0<n<N-1<N

d d
=ty < N < B < 2 (i@ ) at)

= (n) < e2(pa(n))?

d
so that ¢y = % suffices.

O
We are now prepared to proceed with the proof of the theorem; we have
L :5(N3) = 3(Np)
and R a map in the reverse direction. For x € 5(N4) and y € 5(Np), we have
L(xz) =z 0 pg
R(y) =yop,"

k>0, HL(x)Ha,k = Sglé<n>k|$pd(n)|

k dk
< ¢5 sup{pgq(n)) |3’3pd(n)|
n>0
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where sup,,50(pa(n))®|2,,m)| = ||z||oc,ak- Therefore, L is well-defined and
continuous. To determine that R and L are inverse to each other, consider

IR0,k = Supd<a>k|yp;1(a)\

a€eNG

= sup (pa(n))*|y|
neNg

where (pg(n))* < (n). Therefore, ||R(Y)||so.k < ||yllook, S0 that L and R are
indeed inverse to each other.
O

2.2.1 Schwartz Space

For f : R4 — K a C™ function, o € Ng, and k € Ng, we define

1Fllak = sup (2)* [0° f(2)] € [0, o]
z€R
The Schwartz space S(RY) = S(R% K) is then defined to be the vector
space

S(RLK) == {f: R = K| fis C,| fllax < oo for all & € N& k € No}

Each || - ||oot is a seminorm on §(R?). The standard topology on S(R?) is
T llak | @ € N& & € No}). Because | - [|o,0 is a norm and the collection of
seminorms defining the topology is countable, S(R?) is both Hausdorff and
metrizable. We now define the space of temperate (tempered) distri-
butions on R? with values in K, $'(R% K) = §’(R?%), to be the (strong)
dual of S(R?).

When there are functions of multiple variables at play, we may write
¢(z) or 8. (RY) to clarify which expressions are evaluated by elements of the
Schwartz distribution space and which are treated as constants. For ¢ € &,
we write

¢(f) = (8, f) = (9(2), f(x))a

for the duality pairing, i.e., the evaluation of the linear form ¢ at f € S
(thought as a test function). Heuristically, one should think of ¢(f) as

o) = [, 0@ f@) ')

for some “function” ¢(z). For n € Ny, we define the standard nth Hermite
polynomial H,(z) by
(1 \n 22 di —x2
Hy(z) = (-1)"e T (e )
By applying the Fad di Bruno formula, we obtain an explicit formula for
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Proposition 2.2.22. For all n € Ny,

15 k
(=1)"n! —2%k
Hp(z) = (2z)"
= kl(n — 2k)!
Proof. By direct application of Faad di Bruno with g(z) = e® and f(x) =

—22, we obtain

, k (1) () ... £(ne) (4
=e” Z Z l{Zni—n}g(k)(f(x))f k'(n)l'fnk‘()

k>0 ni,....np>1 i=1

. p2—ng

22 n k g2 (_2)k$2—n1“ x
=em >, D 1{Z”i:”}e K ngl- -y

k=0 2>ni,..,np>1  \i=1

n k (_1)k2k1,2k—n
O S
k=0 2>n1,...,np>1 i=1

where we used that f(™)(z) = 0 for m > 2. Note that

k
E<n=Y nm<2% — k:zg,

i=1

so the first sum is in fact over n/2 < k < n. Also,

i k k!
2. 1{2”’:”} (n—k) = =B 2k =)

2>n,..np>1 li=1
and
nil---npl = on—k
Therefore,
( 1)nH (m) - (_1>k22k7nx2k7n
n
2 Shn (n—k)! (2k —n)!

B L%J (_1)nfj(2m)n72j
- gt (n = 2j)!

where j =n — k.
We now define the nth Hermite function h,(z) by

M

hn(x) = 1973 (n!)_% e~ T
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Because of the factor of efé, it is easily seen that h, € S(R) C L*(R) for
all n > 0. Moreover, the collection {h,, | n > 0} forms an orthonormal
Schauder basis of L?(R). More generally, one can define for all a € N¢ the
Hermite function h, on R? by

ha(x) = hay () - hay()

Theorem 2.2.23 (Sequence Space Representation). The map S(R?) —
5(N&) given by

£ ([ halo) (@) ao)

s a well-defined isomorphism of topological vector spaces.

aeNg

The proof of this result is postponed until Chapter 4.

Corollary 2.2.24. S(R?) = 3(Ng) as topological vector spaces.
Corollary 2.2.25. S(R?) is Fréchet.

Corollary 2.2.26. The maps S'(RY) — »/(N&) — '(Ng) given by
(Zs L (d)(ha))aeNg — ((z)(hp(;l(a))p;l(a)

are tsomorphisms of topological vector spaces.

2.2.2 The Space 3,

We will refer the Homework 6 of MATH 7310 much throughout this section.
Define the vector space 3¢ by

50 = {x = (Zn)n>0 € KN | 2, = 0 for all but finitely many n}

As a vector space, 3¢ is isomorphic to @,,>o K and K[z] (space of polynomi-
als). Categorically, 39 is the “directed colimit” of the directed system

K K2 K3 s ..
We endow 3¢ with the finest locally convex topology, namely T (Ng;(30)).
Notation. 3} := KN and 3 , := [0,00)No C 3

For z,y € 3, let

oo
(€,y) =Y Toyn
n=0
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if this series converges. If w = (wn)n>0 € 37 4, then for x € 39 we define

|z]lw = an || < 00 (finite sum)
n=0

| - || is clearly a seminorm on 4.

Proposition 2.2.27. The collection {| - || | w € 3y } is a defining collec-
tion of seminorms for 4.

Proof. Let e, == (0,0,...,0,1,0,...,0) be the nth standard basis vector of
0. Let p € Nan(30). If x € 39, we can write x = Zivzo Tp€n for some N € Ng.

But then
N N
m) =p (Z In€”> < Z ’xn’p(en) = Hx”w?
n=0 n=0

where w = (wp,)n>0 is defined by wy, := p(ey,). This shows that p is continuous
with respect to {| - [l | w € 35 4 }. O

Remark 2.2.28. 3¢ is Hausdorff but not metrizable.

Proof. That 3¢ is Hausdorff is trivial. Suppose that 3¢ is metrizable, so that
there exists a countable subcollection

N =A{w™ [meN} ]l o |we o}

of seminorms which defines the topology on 3g. Define w € 367 4 by

wy = 2" (1—!— maxw( )>

,m<n
We claim that || - ||, is not continuous relative to N. If it were, then there
would exist ¢ > 0 and my,...,m, € N such that || - [[w < X7 ||+ || omo-
Put m := max{m,...,m,}, and choose N > m large enough so that

Ve e wl™)

Then for z :== (1{n < N}),>0 € 30, it is clear that

N
z]lw = Z Wn
n=0

> 9N
N
> cZ (1) 4 (e

=c (||x\|wm1 ot @, )

This is a contradiction. O
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For z € 3¢, define supp(z) := {n € No | zx # 0}. If we endow Ny with
the discrete topology, then 3 is precisely the space of compactly supported
functions x : Ng — K.

Proposition 2.2.29. A subset A C 3g is bounded if and only if

1. there exists N € Ng such that for all x € A, supp(z) C {0,1,..., N},
and

2. there exists M > 0 such that for all x € A, |x,| < M for all n > 0.

Proof. See Homework 6 from 7310. O

Proposition 2.2.30. A sequence (.Z‘(m))mz(] in 39 converges to x € 3g if and

only if
1. There exists N € Ng such that for allm > 0, supp(z(™) C {0,1,...,N},
and
2. Foralln >0, lim,, . a:%m) =Z,.
Proof. See Homework 6 from 7310. O

Proposition 2.2.31 (& Definition). For n > 0, define the seminorm p, on
50 by pn(z) = |xp|, and let T = T({pn | n > 0}), making 3, a LCTVS.
Then T s the product topology on 3( = KNo,

Proof. Let T' denote the product topology. Since the projections x +— x,
are certainly continuous with respect to 7, we have 7’ C 7. Conversely, let
n > 0,e >0, and = € 3). Then

Bye(a) = {a' € 3) | pu(a’) < }

n—1
=K x {AeK[|]A—=z,| <e} x []K
k=0 k>n
et

The collection {B, () | n € Ng,& > 0,2 € »(} forms a sub-basis for T, so
TCT. O

Theorem 2.2.32. The map ¥ : (A3) — S given by F(R) := (R(en))n>0
is a TVS isomorphism. As before, . denotes the strong dual of Sy, which
is KNo with the product topology.

From this, we obtain an explicit duality given by R(y) = (y, ¥(R)) for
all R € () and y € 7, where (-,-) denotes the inner product on £2(Np).
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Proof. First, we show R maps into .. Let R € (/). Since R is continu-
ous, by our criterion for continuity of linear maps there exists C > 0, N > 0
such that for all y = (yn)n>0 € 74,

IR(y)| < C(lyol + -+ |ynl)-

It follows that R(e,) = 0 for n > N, i.e. F(R) is a sequence with finite
support. Hence, ¥(R) € % for all R € (.-*/))".

It follows immediately that § is linear. For instance, for R, S € .7, we
have

F(R+5) = ((BR+5)(en))n>0 = (R(en) + S(en))n>0
= (R(en))nz0 + (S(en))nz0 = F(R) + F(9).

To show the explicit duality holds, let ¥y = (yn)n>0 € ) and R €
(-#3)'. We observe that in .7, the sequence of finitely supported sequences
(Yo, -+, Yn,0,0,0,...) converges to y in .7 as n — oo, since .7} is equipped
with the product topology, i.e. the topology of pointwise convergence, and
this sequence evidently converges pointwise to y. By continuity of R, then

n

ZyiR(ei) =R ((yo,---,Yn,0,0,0,...)) = R(y) as n — oo.
i=0
Hence, R(y) = S35 o ynen) = (4, F(R)).
From this, it follows that ¥ is injective. If ¥(R) = 0 for some R € (.3,
then R(y) = (y, ¥(R)) =0 for all y € 8, and so R = 0.
Next, we show ¥ is surjective. Let x € .. We define R : (/) — K
by R(y) := (y,z) = >0y ynTn. Since z is finitely supported, this is a
finite sum and so R is well-defined. The fact that R is linear is clear.
And R is continuous; if N > 0 is such that supp(z) C {0,..., N}, then
R(y) = Zﬁyzo Yny for all y = (yn)n>0 € -7, and so

RO < (s, bl ) Z -

Since maxo<n<n |Zn| is a constant independent of y and the maps y — |y, |
are continuous seminorms on %, then R is continuous by our continuity
criteria. And for all n > 0, we have R(e,) = (e,,x) = z,, so ¥(R) = z.
Hence, ¥ is surjective.

Next, we show ¥ is continuous Let w € 5 and R € (#;)". Then
1F(R)]lw = %% wn|R(en)| = SN wn|R(ey)| for some N depending on R,
since ¥(R) has finite support. Now, for 0 <n < N, let A\, € K be of unit
magnitude such that R(e,) = \,|R(e,)|. Then

I5(r Hw—zwn A Blen) = R (zwn )
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Now let A :={y € S : |yn| < wy Vn > 0}. By definition, A is bounded
and we have Y™ w, A\ e, € A. Hence, ||¥(R)|l. < supyea [R(y)| = [|R| -
Hence, ¥ is continuous, as || - [|4 is a continuous seminorm on (.74)’".
Finally, we show that ! is continuous, completing the proof. Let A be
a bounded set in .. Then for all n, set w, := SUPye 4 |Yn|, which is finite
by definition of boundedness and the topology on .. Then w := (wp)n>0 €

Z0.+> and so

N
IR||l4 = sup|R(y)| = sup| > _ R(en)yn
yeA YyeA |20
N N
< sup Z [R(en)| - lyn| < Z |R(en)|wn = [|F(R)]]w-
yeA = n=0
Since || - || is a continuous seminorm on .%p, this proves the claim. O

Corollary 2.2.33. . and . are (strongly) reflexive.

The following concept was used in the preceding proof, and will be useful
in the future.

Definition 2.2.34. If A C %) = KNo| the envelope of A is

Env(A) := (sup \yn|> e [0, co]Mo.
yeA n>0

If A is bounded, then Env(A) € .7 ,.

2.2.3 The local Schwartz-Bruhat Space.

We give a brief overview of the p-adics, which are constructed as follows.
For p > 2 prime, the p-adic absolute value | - |, on Q is defined by |0, := 0,
and for x € Q\ {0}, |z|, := p~¢, for the unique a € Z such that = p® - %,
with r € Z, s € Z\ {0} both relatively prime to p. Thus, integers with large
factors of the fixed prime p have small p-adic absolute value and integers
with small factors of p have large p-adic absolute value. The field of p-adics,
denoted Q,, is the completion of the metric space Q with respect to the
metric on Q induced by the absolute value | - .

Since |z + y|, < max(|z|p, lylp) for z,y € Q,, it follows that Q, is an
ultrametric space, ie. |z — z|, < max(|lz — ylp, |y — z|p) for z,y,z € Qp, a
condition stronger than the triangle inequality. To see this, it suffices to
show that the above inequality holds for x,¥y, 2z € Q, and extend the result
to Q, by taking limits.
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p-adics have nice decmial-like expansions. Each x € Q, can be written
uniquely in the form z = 3", .7 app™ for a, € {0,1,...,p—1}, where a,, =0
for all but finitely many n < 0. Conversely, any such sum is convergent in
Qp. For nonzero x expressed in this form, we have |z|, = p N, where N € Z
is minimal such that ay # 0.

The closed unit ball of Q, is denoted Z,,, since these are the p-adics whose
decimal expansions only range over integral powers of p. From the decimal
expansion and distance formulas, it follows that Z,, is homeomorphic to the
Cantor set, which is compact. Hence, Q, is locally compact, since any point
x in an open ball B will contain a scaled and shifted copy of the closed unit
ball Z,,, which will be homeomorphic to Z,, and therefore compact.

The following observations are useful, and show that the geometry of Qg
is quite different from the geometry of R%.

1. Any point in an open ball B(z,p") is its center. If y € B(z,p"), then
B(z,p") = B(y,p"), for any =,y € Qg and r € Z.

2. Open balls are closed and vice versa.

3. The closed unit ball Zg contains precisely p? open balls of radius p”
for » > 0.

There exists a Lebesgue measure m, which is translation invariant and
such that my(AA) = |A|, - mp(A) for A € Q, and A measurable, which
we normalize to be such fzp ldx = 1. One way to construct m,, is to use
the existence of a translation-invariant Haar measure on the topological
group (Qp,+). To show that this measure’s translation invariance implies
its scaling property, we observe that Z, contains p disjoint copies of pZ, =
{r €Q,: |z|, < p~'}, namely, pZ,+r for r € {0,...,p—1}. This, p-mp(p-
Z,) = my(Zp), and so my(p - Z,) = |p| - mp(Zp) by translation invariance.
By extending this argument, it follows translation invariant is sufficient to
guarantee scaling.

Qg is a Qp-vector space with product measure d%z. We use the max-norm
on Qg given by |z|, = maxj<ij<q|xi|p for x = (x1,...,2q) € Qg With
respect to the metric (z,y) — |z —ylp, the space QZ is locally compact since
the closed unit ball Zg is locally compact.

We are ready to define Schwarz-Bruhat space, an analogue of Schwarz-
space over p-adics. Note that in the following definition, K still denotes
“either R or C," not Q,.
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Definition 2.2.35. We say f : QZ — K is locally constant if and onnly if
for all z € Qg, there exists r € Z such that f ‘E(x,pr) is constant. For fixed
r € Z, we say f is locally constant at scale p", or uniformly locally constant,
if for all x € Qg, the restriction f|§(x,pr) is constant.

Note that there there exist non-constant, locally constant functions Q, —
K since Q, is disconnected. For instance, the function 1z, is locally constant
at scale p¥. Since Q, is an ultrametric space, it follows that a closed ball of
radius 1 about a point x in Z, or Q,\Z, will be contained in Z, or Q,\Z,,
respectively.

Moreover, every locally constant function f is locally constant at some
scale. From the geometry of Qg, it follows that every locally constant func-
tion f, there exists r € Z such that f is finite linear combination of indicator
functions of disjoint translations of p’"]lzg. Since Qg is an ultrametric space,
it follows that f is locally constant at scale p".

Definition 2.2.36. The Schwarz-Bruhat space S(Qg) =5( g, K) is the set

of locally constant, compactly supported functions Qg — K. We equip S (Qg)
with the finest locally convex topology, i.e. the topology generated by all
seminorms on S(Q%).

This is analogous to Schwarz space, with local constancy taking the role
of infinite differentiability, and compact support taking the role of fast decay
at infinity.

Forr,se Z,r < s, we let ST,S(Qg) be the set of functions f in S(QZ) such
that f is locally constant at scale p” and supported in B(0,p®). We have
dimg Sr,s(Qg) = pd(s=) since a basis for ST,S(Qg) is given by

S
{ILHP_TZg c 2= (%) € Q;l st. 2 = Z app " for a, €{0,...,p— 1}}
n=r+1

The closed balls z + p_’”Zg form a partition of B(0,p*). By the ultrametric
property of p-adics, this is the unique partition of B(0,p®) into closed balls
of radius p~", and so the set forms a basis. By definition of S (Qg), we have
the expression S’(Qg) as the increasing union S(Qg) = Un>0 S_NJV(Qg).

Theorem 2.2.37. S(Q%) and % are TVS-isomorphic.

Proof. First, we observe that .S (Qg) and .y both have countable algebraic
bases. We expressed S (Qg) as the increasing union of finite-dimensional
spaces S_y,n (of increasing dimension). Hence, S (Qg) has a countably in-
finite algebraic basis. And %y has the canonical basis e, &k > 0. Hence,
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there is a linear isomorphism T : S (Qg) — . Since S (Qg) and .7, are both
equipped with their finest locally convex topologies, all linear maps defined
on these spaces are continuous. Hence, T and T—! are continuous, and so
T is a TVS-isomorphism. O

2.2.4 Duality for .~7.

We introduce some notation and a definition.

Definition, Notation. 2.2.38. We define .’ to be the space of sequences
in . which grow at most polynomially, or are “of temperate growth." More
precisely,

S = {ye,%’: 3C > 0,K € Ng s.t. Vn >0, |yy| §C<n>k}.

We set 4 := .7 N [0,00)N0 and .7} := 7" N[0, 00)No.

Definition, Proposition. 2.2.39. For w € .7, |[z]ly := 3,50 wnlwa| is
a continuous seminorm on .. Moreover, {|| - |l : w € |} is a defining
collection of seminorms for ..

Proof. We make use of our criteria for continuity of seminorms. Let C' > 0 be
such that w, < C{n)* for all n. Then ||z|l, < C X0 o(n)¥|an| = Cllz|1x <
oo, and so each || - ||, is continuous on .. Conversely, |z|1r = |z,
for w € .% given by wy := (n)* for all n, and so the definition collection
{Il - ll1,x} of seminorms is continuous with respect to the topology induced
by the seminorms || - ||, (see Proposition 3.2.14). Hence, the two topologies
coincide. O

Theorem 2.2.40. The map ¥ : (y’)’ — .7, R+ (R(en))nzl), is a TVS
isomorphism and one has the explicit duality: ¥V € ("), Vy € .7, R(y) =<
Y, J(R) > (= Y ynwn with §(R) = z).

n=0%

Proof. Since R is continuous, 3 ¢ > 0,3 v, .. @) SN ye S,

IR < eyl + -+ lyllw) = [yl with v = (@) + ...+ @),
Apply this to y = e, = (0, ...,O,}L,O, ., 0).

|R(en)| < llenlly = vn = (R(en))n>0 € . Thus, ¥ is well-
defined. Note that linearity is clear. Now we discuss the explicit duality.

N
Let y € y/,y € Sy — Zynen”lf = Z |Yn|vn N—> 0 V v. Thus,
n=0 n>N e
N
lim Z Ynen =y in . topology.

N—oo =0
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R(y) = lim R Z Ynen)  because R is continuous

N—oo

- i, Skt
= Z ynLi(en)
n=0

Thus, if §(R) =0, then R(y) =0 = R =0. Thus, ¥ is one-one.
Let z € .; define R : y'%Kbyyr—)<y,x> Let vy, := |z, = v =

(Un)n>0 € 4. We have Z |Tnyn| = Z Un|yn| = ||yll» < co. Thus, R is

n=0
well-defined and continuous. |IR(y)] < ||y|l,- Thus we have, ¥ n, R(e,) =<
én,r >=1x, — J(R) = x. So, surjectivity is proved.

Now we need to show continuity. Let w € 1. ||F(R)||w = Z wp|R(ep)|.

Vn, A\ € K, |\,| = 1such that R(e,) = A\p|R(en)|. ||F(R)||w = th%OO SN Jwa A R(e,) =
limpy o0 R(ZN 0 Wn, ten).

Let A:={ye " |Vn>0,|y,| <wp}.

F (B)|lw < supyea [R(y)|- f v € S,y € A then,

llyll, = Zyn|yn| < Zunwn = |lw||ly, = ||V|lw < oo. Thus, for all

n= n=
v,sup ||ly||l, < oo = A is bounded. Hence, ¥ is continuous.
yeA
Let A be bounded set in .#'; R € ("), so

||R||4 = sup|R(y)|
yeA

=sup| <y, F(R) > |

ycA
< SUPZ [yn|[R(en)|
yeA g
< sup Env(A)n|R(en)|
yeA
= |F(R)|lw, where w, = Env(A)y,
= Elwey_:_, VR7HRHA§H‘](R)HW O

Corollary 2.2.41. .‘and .%' are reflexive.

Corollary 2.2.42. Via Sequential Representation Theorem, we have
Vd > 1,5(RY) and S'(RY) are reflexive.
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2.2.5 Spaces of Infinite Matrices

Note from now on, we will denote . as 3.
For x,y € KN(QJ, let < z,y >:= Z TmnYm,n if the sum converges
(m,n)EN?
absolutely.
50®% :=space of T = (Zym.n)o<m.n<oo Such that ¥Vm > 0, 10w (Zyn)n>0 €
5 and identically zero except for finitely many m’s.
As a vector space, 3083 >~ Bp>0 3.

(éo®é) := matrices in 3o®s with non-negative entries.
+

505" : space of matrices ¥ = (Ym.n.)o<mmn<oo € KNS such that V¥ m >0,
rOW (Ym.n)n>0 € 3.

(56@:&' ) = matrices in 3(,®3’ with non-negative entries.
+

v T,y € KN%) ve (50®5)+7w € (56®5/)+7

lello = Y0 wanlzmal, Yl = > Vmnolymae

(m,n)EN2 (m,n)EKN?)

Note that both belong to [0, oc].
Proposition 2.2.43. 1. 50®3 = {z € KN [vw € (55@5") 4, [|#]|w < 00}
2. 3068 = {y € KNo | V v € (5083) 1, ||yl lou < 00}
3. || |l are semi-norms on 3o®5.
4. || ||, are semi-norms on 5(,&@s’.

Proof. We skip the routine checks of parts 3 and 4. We will prove 1 and 2
can be proved using similarly.

Note that s9®s C {z € KNG IVw € (86@8 )4, ||7|]w < 00} clearly.

Now choose an x from RHS and fix an m > 0. Since the sum exists, we
have that for fixed m, > Wy |mn| < 0o for all w € (35®3')4, which shows

n>0

that (zpn)n>0 € 3. If for infinitely many m, rows (2,5 )n>0 are non-zero,
then choosing a w € (3)®3')4 by inverting absolute value of first non-zero
element in rows of & and putting zeros elsewhere in the rows, gives us an
infinite sum of 1’s which is a contradiction. O

Topology on 3g®% := T({H Nw, w € (56®5’)+}).
Topology on 3(&3’ := T({H Nw,v € (60®é)+}).

(em,n)(m,n)eNg form the canonical basis, where ey, 5, is the infinite matrix

with 1 at (m,n)" position and 0 elsewhere.
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Theorem 2.2.44. The map § : (3o®5) — 3(&3', L (L(em,n)>
is a TVS isomorphism. (Vv L,Y z,L(z) =< $(L),z >).

0<m,n<oco

Proof. If L € (3p%5)/, due to continuity, 3C > 0, 3w, ..., wP) € (35&s") ¢
(w® = (wq(fz),n)ogm,n@o), such that V o € 30®3,
P

|L(z)| < C(Z |zl < |lz||w where w = C(w® + ...+ w®).
j=1
AThus, V (m,n), |L(emmn)| < |lemn|lw = Wmn. Hence, (L(em.n))o<mn<oo €
50®9" showing that ¥ is well-defined.
Linearity is clear.
Explicit Duality: If # € 30&3,w € (3)&®3')4, then V w,

Hx o Z wmvnemynuw = Z wm,n‘xm,n‘ — 0

0<m<M,0<n<N m>Mn>N M,N—o0

because ||z|], < oo.
Since, L is continuous, we have

L(z) = li L
(:U) Mﬁoé{llif—wo (0<m<]%:0<n<]\/ xm,nemm’)
= lim Z TmnL(emn)

M_>OO7N_>OOOSm§M,0§n§N

= Z $m,nL(em,n)
0<m,n<oo

Injectivity: F =0 = V 2 € 3023, < J(L),x >=0 = L(z) =0 =
L=0.

Surjectivity: If y € 3)&3/, Let W = [Ymn| = w — (wm,n)(m,n)eNg €
(34©3")+. Now for z € 59®3, let a linear form L be defined as follows:

L(z) =< y,x >= Z(m,n)eNg Ym,nTm,n- Hence,

|L<x)| = | Z ym,nxm,n‘

(m,n)eNZ

S Z ’ym,n ‘ ’xm,n

(m,n)EN2

= Z Wm,n |xm,n

(m,n)ENg

= [1#[|w

< 00
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Note that |L(z)| < ||z|l, = L is continuous linear form. Also, V (m,n),
L(em,n) =<Y,emn >= Ymn- j(L) = (L(em,n))ogm,n<oo = (ym,n)OSm,n<oo =
y = J is surjective.
¥ is continuous: Let v € (30®3)4, L € (39®s)’,
1FDMle = D" vmnlLlemn)l.
(m,n)eN2

V (m,n),IAmn € K\{0}, | A n| = 1, such that L(ey, n) = Amn|L(emn)]-

|F (D) = lim Z m,nArZ}nL(em,n)

M—)oo,N—)ooOSmSMpSnSN

) 1
- M— IH?\/H L( Z m’”)\ma"em’”)
CONTO g<m<M,0<n<N

Let A= {z € 30®5 | V(m,n), |Tmn| < Vmn}-
Note that 0 < Env(A) <v = Env(A) € (30&3);+ = A is bounded
in 5)®3.
[|1F(D)]|, < sug |L(z)| = ||L||a < oo. This shows ¥ is continuous.
xre

F~ ! is continuous: Let A be a bounded set in s9®3, L € (39®3)".

||L[|a = sup |L(z)|
T€EA

=sup| < J(L),z > |
€A

<sup Y |L(emn)l|@mal
€A (m,n)eN

Z |L(€mn|Vm.n where v = Env(A)
(m,n)EN2

=17 (D)l

which implies the required continuity. O

IN

Proceeding in the exact same manner, we get the following result:
Theorem 2.2.45. The map .J : (34@s") — 3,@3", R — (R(€m.n))o<m.n<oo
is a TVS isomorphism. (VR,Vy, R(y) =<y, J(R) >).

2.2.6 Adelic Schwartz-Bruhat space:

We look at the adeles Ag = R x [T}, jrime Qp- Its elements are of the form
x = (Too, 2, T3, T5, ....) such that x, € Z, for all but finitely many p’s.
f 1 Ag — K is called an elementary function if it has the form

f(l') = foo(l'oo)fQ(l?)f?,(l‘g)
such that
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e foo € S(R)
* Vp, fp € S(Qp)

o fp(z) =1{x € Z,} except for finitely many p’s

Let S(Aq := finite K-linear combinations of elementary functions.
We quote a result without proof which connects this space to the space
in the previous section.

Theorem 2.2.46.
S(AQ) ~ 60®6

as vector spaces.

2.2.7 The space & of test function

Let U be a nonempty open set in R? (d > 1). Define
D(UK):={f:U—=K| feC? &I compact K CU s.t. fling =0}
In other words, if
Co(U, K) = {f € 2(U) | supp(f) C K}
then

C®(U) = U o> K).

compact KCU

For fixed k,a € N¢ and f € D(U), define the norm
[fll .0 == sup [0%f(x)] < o0
zeK

The topology on C*°(U, K) is the LCTVS structure given by
T({Il - o | @ € NG}).
Clearly, C*°(U, K) is metrizable and C*°(U, ) = {0}.

Definition 2.2.47. A seminorm p on 9 (U) is called admissible if p|ce (1, i)
is continuous with respect to 7({|| - ||k,o}) for any compact K C U. The
standard LCTVS structure on & (U) is given by

T({p € Nay(D(U)) | p is admissible})
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Theorem 2.2.48 (Valdivia-Vogt 1978).
DU) = 3003
TVS
Proof. See the article by Bargetz 2015 (Project 6). O

Definition 2.2.49. Let V be a LCTVS. A Schauder basis in V is a sequence
{en}n>0 such that for any = € V there exists a unique {z,},>0 € KNo for

which
N
lim Z Tpnln = X

N—o0 “—

and such that for all n the map given by z + z,, is in V' (the dual of V).
For example, {e,, = (0,...,0,1,0,...)},>1 is a Schauder basis in £2(N).

Grothendieck’s Conjecture:
5 ® 3" = {smooth functions growing at most polynomially}

was proved by Valdivia in 1980s.
For z € KN and the norm || - [|,, = > Wmn|Tmn| where o, > 0 and
Brn > 0 such that wp, , < apBy, for some a € 5; and 8 € 3.

Horwdth Seminorm: Suppose {0, : U — [0,00)},cne be a family of
continuous functions. It is called locally finite family if for any x € U there
exists open subset x € V' C U such that

{a eNJ |3y eV, ba(y) #0}
is finite.

Theorem 2.2.50. Let © be the set of all locally finite family 0 = {ga}aeNg-
For 0 € © and f € D(U), let

[fllo :== sup sup ba(z)|0% f(2)|
aeNg zelU

Then, ||-|lo s a continuous seminorm on D(U), called a Horwdth seminorm.
Proof. Well-defined: For any f € @(U) there exists nonempty compact
subset K C U such that supp(f) C K. For any open subset V C U let

FV::{aENg|9a§é00nV} and G:{VCU’FViSﬁHite}

open
Then 6 is locally finite implies U = Uy V. So K has a finite cover
{V1,...,Vi,} C G. Let F :=U" | Fy, which is finite, then

[flle = sup sup 0a(2)[0% f(z)| = max sup Oa(x)[0°f(z)] < oo
aeNd z€K €l zek
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Continuous: It’s equivalent to show || - |g < c¢(p1 + ...+ pn) for some
¢ > 0 and admissible seminorms p1, ..., p,. In fact we will see that p = || -4
is admissible. For any f € C*°(U, K) choose F' as above, then

< 90& CMSC o
= <m;< sup <x>> max /e < C Y 1,

acF

where C only depends on § and K. So | - is continuous with

||9|COO(U7K)
respect to 7({|| - || k.o }) for any compact K C U, i.e. |- ||p is admissible. [J

Theorem 2.2.51. The Horwdth seminorms {||-|lg : 8 € ©} form a defining
collection for D(U).

Proof. We have already shown the topology generated by the Horwath semi-
norms is contained in the topology of admissible seminorms. It remains to
show containment in the other direction holds as well.

Fix an admissible seminorm p on @(U). It suffices to show there exists
locally finite family 6 such that p < || - |l¢. For U open, there exists an
exhausting sequence of compacts in U

@#chja(ng(gC“'

such that U = Un>1Ky = UNZJD(N. For notation purposes, we’ll set
Ky =0 (and Ky = 0).

By the Smooth Urysohn lemma, for each N > 1, there exists a C'°
function gy : R? — R such that gy = 1 when restricted to Ky and
Suppgy C K ~N+1 with values in [0,1]. This implies the increasing sequence
of functions

0<g1<g2<gz<---<1

For notation purposes, set go = 0 and g_; = 0.

Observe that K N+1\f( ~N—_1 is compact and in U for all N > 1. It follows
that p admissible implies p restricted to C*° (U, K N+1\I°( N—1) is a continuous
seminorm, i.e., for each N > 1, there exists Cy > 0, Ly € Ng such that for
all f S COO(U, KN+1\ID(N_1),

p(f) <Cn Z HfHKNH\f(N_I,a'

a:‘O{'SLN

Fix f € @(U). Since Upr>1 Ky is an open covering of U, and the support
of f is compact in U, there exists M > 1 such that Supp f C Ky C K.
Since gy is identically 1 on Ky, it follows that f = f-gar on U. In addition,
we can write f as the telescopic sum

M
f=f->_ hny  where  hy:=gy—gn_1.
N=1
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Observe that if x € KN+2\I°(N+1, then gn_1(z) = gn(z) =0 so hy(x) = 0.
In addition, if x € Kn_1, gn(z) = gn—1(z) = 1 so hy(x) = 0. Hence the
support of hy is contained in Ky11\Ky_1. Using that p is a seminorm,

M
< Y p(fhn)
N=1

and so we can write

M
f) S Z CNZ Hth||KN+1\kN717a

=

Cn ). sup  |0%fhy ()|

a,la|<Ly 2€KN11\KN_1

M= M=

IN

(LNd+ d) Cy sup sup |0% fhn ()|

a,|la|<Ly LEGKNJrl\f(N,l

2
[

1
where Ly + d choose d is equal to >y <z, 1. By Leibnitz Rule,

()= 3 HB+y=a} g 85< f) - 0 (hw)
B,yENG

but note that

v

d
> 1{6+7=0¢};;!=H > 1{6@4‘%—@@}(

B,7ENE =1\ B;,y:eNd

Therefore we have the bound

M
o)<y <LN N d) Cn 2l

X ( sup sup |8ﬂf(x)|) ( sup sup |87hN(SU)|>

|ﬁ|§LN KN+1\[°<N71 |"/|§LN KN+1\[°<N71

ie.,
M
p(f) <Y 27VBy x sup sup 07 f(x)|
N=1 IBISLNn zeKn 1 \KNn_1
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where

X sup sup |0"hy(z)]

By = 2N+LNCN<
|’7|§LN :EEKN+1\ID{N_1

Ly +d
d

(notice By doesn’t depend on f). This shows that for any f € &(U),

of)<swp swp s By |0%f(o)]
N=1 ‘ﬁ'SLN IGKN+1\KN,1

For any a € N(C)l, x e U, let

Oa(z) = Y Byl{|a| < Ly} x (9n11(x) — gn-2(2)).
N>1

We need to show that
1. 0, is well-defined

2. 0 is a locally finite collection of continuous functions on U

3. p<|-lo

Well-Defined. Recall U = Ulef(M- If x € IO(M C Ky, then for any
N > M +2, gn—o(x) =1 = gnt+1(z) and so their difference is zero. This
means over Ky, 0, is a finite sum of NV

M+1
0o = Y By1{la] < Ly}(gn+1 — gn—2)
N=1
so it’s well-defined. Furthermore, by construction of the gy’s, 8, is contin-
uous (even C*°) on U.
Locally Finite Collection. Fix a € N¢, and z € Ky such that
0a(x) # 0. It follows that there exists N € {1,..., M + 1} such that the set

M+1

U {8eNg : 8] < Ln}

N=1

is nonempty (contains «/) and is finite. So U = UK s, each of which is open,
and on each Ky, 6, is not identically zero for at most finitely many o’s.
Hence, # must be a locally finite collection.

Seminorm bound. Observe that for all N > 1, if z € KNH\IO(N_l,
then gy41(z) = 0 and gy_2o(x) = 0 by support considerations of gn_o.
This implies that if N > 1, |a| < Ly, and = € KN+1\I°(N_1, then we have
0o (z) > By. Therefore

N>1|a|<Ly zeKn i \Kn_1

< sup sup O () 0 f(x)|
aeNg z€U
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which is identically | f]|g.

We have found a Horwath seminorm which controls our given admissible
seminorm. Hence we can conclude that the two topologies are equivalent for
P (U). This completes the proof. O

We then get the following corollary.

Corollary 2.2.52. The pointwise product map on D(U)

{@(U) x D(U) — D(U)
(f.9) = fg

is a continuous map.

Proposition 2.2.53. If 01 ... 0%) are locally finite families on U and
c > 0, then there exists 0 such that

k
%Zwm)gwa
=1

Proof. For all a € N4, 0, = ck Iax 0% is continuous on U. To see that
<i

it is locally finite, note that if z € U, then for all 7 there exists a V; open,
such that x € V; C U and only finitely many 0((;) are not identically 0 on
Vi. Let V.=n;V; and F; = {« : eﬁf)m # 0}. Then each Fj is finite, and
sois F =, Fi. For a ¢ F, and for all 1 < i <k, 98)|V = 0. Hence
0o = ck max 10%) =0 on V, and so () is locally finite.

Now, we check that the desired inequality holds. Let f € P(U). Then

CZ [fllor = CZ sup sup 6 (2)|0° f ()|

—1 aeNdz€U
k

<cY supsup sup 0 (2)[0° f ()|

=1 (e z 1<’L<

< supsupck sup 65 (2)[0° f(2)|

a 1<i<k
= sup sup Qa(l’)‘aaf(xﬂ
= [|flloo-

O]

Corollary 2.2.54. Let p be a seminorm on D(U). Then p is continuous
iff 36 € O such that p < || - ||o.

The following theorem shows that pointwise multiplication of test func-
tions on 9P is continuous.
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Theorem 2.2.55. The map D(U) x D(U) — D(U) sending (f,g) — fg is
continuous.

Proof. We want to show that for all continuous seminorms p on @(U) there
exists 71, 7 continous seminorms on P(U) such that for all (f,g) € D(U) x
2(U),

p(fg9) < 11(f)72(9)-
By Corollary there exists a 6 such that p < || - ||g. We will show that
there exists a 6 such that

1£glle < 1fllorllgllor

and the result will follow.
If « € N¢, 2z € U, then by Leibniz’s Rule

al

e @9 g()

0°(f9)(x) = Y 1{B+vy=a}

B,7ENG
Since 1{ +v = a} forces 0 < 5; < ; and 0 < ~; < ; for all i, we have the
following bound:
J0*(£9)(a)| < 2 (max |9 £(2)1 ) (max (o) )
B 7<a
Recall [| fg[lo = supq sup, 0a(2)[0(fg)(x)|- Let

05(x) = sup 2101/2, /0, ().
azf

for all 8. Then for all a € N(C)l and all x € U,
00 (/0" (9)(2)| < 26 (x) (max|0” (@)]) (max|”g(o)])

= (o202 (@107 @)1 ) (max 202 o)

< (Igggeg(@\aﬁ f(x)) (rgggeux)ra”g(x)r)

< [Ifllerllgller

Hence || fgllo < [ f]lollgller-
Now, we check that ¢ € O, i.e. that it is well-defined, continuous

on U, and locally finite. To see that 6’ is continuous, note that for all
o 21°1/2, /() is continuous since 6, is continuous and nonnegative. More-
over, since 0 is locally finite, for all € U there exists an open neighborhood
V of x in U and F C N¢ finite so that for all a ¢ F, 64|y = 0. Then

9/ 9 — 2|O¢‘/2 ea — 2|a|?2 90{
397) sup () = max ()
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is continuous and well-defined.
To see that 6’ is locally finite, let

F={feNi3acF:8<a}=J{Bl0<B<a}

acl

Then F is finite as a finite union of finite sets. If § ¢ F, then Oslv = 0.
Indeed, 63(z) = sup,>4 21el/2, /6, (x), and so if § ¢ F, then all @ > § cannot
be in F. Hence 0(z) = sup,>50 = 0. O

We are now ready to prove that pointwise multiplication of test functions
is continuous.

Theorem 2.2.56. The map S(R?) x S(R)?) — S(R?) given by (f,g) — fg
is continuous as a bilinar map.

Proof. For all a € N¢ and k € No,

17 gllak = sup (@)*|0%(fg)(x)|-

rER4

If 2 € R%, then
(@)410°(f9) )| < (2)*2° (1max 0% ()] ) (max|"g(e)]).
Say (x)F < (x)2[¥/2]. Then
gl < 20 (maox 7l uyzr ) (e gl gz )

If p is a continuous seminorm on S(RY), then there exists a finite F/ C N¢ x Ng
and ¢ > 0 such that
p<e Do Dok

(a,k)EF
Then
plrg) e 3 2 (x| fllagugar ) (max lglerz)
(a,k)eF
< clP| e 2 (smax |l vz ) (1max ol oz
<7(f)m(9)-
where 7 = (/c|F| Y ) p llg,[k/21- Since 7 is a finite sum of
(a,k)EF Bl

defining seminorms, 7 is continuous. O
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Definition 2.2.57. The space of distributions on U is 2'(U), i.e. the
strong dual of 2(U).

Proposition 2.2.58. A C 2(U) is bounded iff

1. there exists K C U compact such that for all f € A, supp(f) C K,
and

2. for all « € N¢, sup sup |0 f(z)| < oo.
feAxzeU

In other words, A is bounded iff the elements of A are uniformly bounded
and have common compact support.

Proof. (=) We need to show that for all € ©, sup ¢4 || f[lg < 0o. Let ¢ be
given. Since 0 is locally finite, for every x € K, we can find a neighborhood
V; of x so that only finitely many 6, are nonzero on V. Since K is compact,
we can then find a finite F' C N& such that 6,|x = 0 for all a ¢ F. Since
(1) = |0%f(z)| = 0 for x ¢ K and since 6, is continuous for all o, we have
for any f € A,

Ifllo = sup sup 0 (2)[0° f(2)]
aeNg zeU

= sup sup O, (x)|0 f ()]
a€eF xeU

< <maxmax Ha(m)> (Sup sup 8af(l')|> ’

a€F zeK a€F €K

where max max 6, (x) is constant and sup sup |0” f(x)| is bounded by (2).
acl zeK acF zeK
O

Definition 2.2.59. A set of functions D has common compact support
if there exists a compact K s.t. for every function f € D, the support of f
is contained in K.

Theorem 2.2.60. A C D(U) is bounded iff both
1. A has common compact support

2. Ya € N, sup sup [0°f(x)| < co.
feAzeU

Proof. We prove this theorem in three parts:

i “(1) + (2) = A bounded”

We wish to show that V6 € ©,supsc4 || flly < o0, s0let 0 € ©. Because
of (1), AK,Vf € A,Supp(f) C K. Because 0 is locally finite and K
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is compact, only a finite number of 6,’s are nonzero on K. Let F' be
that finite set of a’s. We want A to be bounded, so we compute

sup || fllp == sup sup sup Oq(z) |0°f(z)|
feEA fEA aeNg xelU

= sup sup sup 0, (z) [0° f(z)]
fEA acF zeK

= sup max sup 0, (z) |0 f(x)|
feA a€F gck

< <sup max sup Ha(a:)> (sup max sup ]8”]”(3;)\)

feA a€F geck feA a€F zek

= <sup max sup Ga(:x)> (max sup sup ]8”f(:c)|>

feA a€F gek acl’ reAzeK

where the right group is finite by (2), but the left group needs a bit
more attention. Because the support of 6, is contained in K compact
and 6, is continuous, then the image 6,(K) is compact also and thus

bounded. So sup 0, () is finite, so max sup 0, (x) is finite. Moreover,
€K a€F ek
0. does not depend on f, so taking the supremum over all f € A

changes nothing. So

V8 € ©, sup || fll, < oo
feA

as desired, so that A is bounded.

“A bounded = (2)”
blar

“A bounded = (1)”

We shall prove this by the contrapositive, so we prove “Not (1) =
A not bounded”.

Choose an increasing sequence of compact sets K1 C Ko CCC in U
such that

U= {J Kx.
N>1

“Not (1)”
= VKy,3fn € A,Supp(f) € Ky
= VKy,3fv € A, Jzny € Ky, f(xzn) #0
= VKy,3fy € A,Jzny € Ky, Fen, B(zn,en/2) N Ky = @
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and fy is nonzero on that ball.

Let 6 be defined by

0as) = Mo = 0} Y- (2

N>1 EN

y-aw)).

so that w(i( — a:N)) is 0 outside of B(zy,en/2). In particular, ¥(-)
is 0 on K. To get our contradiction, we wish to show that || - ||, blows
up on A (this would make A unbounded). But before we proceed, we

must verify that 6 € ©.

Lemma 2.2.61. § € ©

Proof.

o well-defined:
Let y € U be arbitrary. Then the exhaustive sequence of compact
sets guarantees M s.t. y € Kjy. Forall P > M, w(é(y — azp)) =
0 because () is 0 on Kp D Ky 3 y.

The information about y’s location allows us to write g as a finite
sum:

N 1
Oo(y) = Z |fN(l'N)¢(5N(y - xN))

1<SN<M
Any finite sum converges, so g is defined.

e nonnegativity:
Each 6, is either 0 or the sum of products of NV, m, and
¥(+), each of which are nonnegative, so every 6, has nonnegative
range.

e continuity:

(Is more justification needed? Continuous wrt what?) Each 6, is
the sum and product of continuous functions, hence continuous
itself (in fact C').

e locally finite:

Oy is the only 6, that is nonzero.

O]

We continue with the main proof, trying to show that || - ||, blows up
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on A. For any fu,

[fnllg = sup sup 0a(y) [0% N (y)]
aENg yeU

> o(an) |0 fa(aw)|
=Oo(zn) [fn(7N)]
= |fn(zn)|Oo(zN)

= [fn(an)] Y ](ZM)‘dJ(l(xM - xN))

M>1 |fM EM
> |fn(zn)| LfN(Z\;N) ¥ (0) (only the M = N summand)

= N.

Finally, we can show

sup |[fllg = sup || fnllg = sup N = o0

feA N>1 N>1
which implies that A is unbounded. This contradicts the hypothesis
that A is bounded! 4

O]

2.2.8 Recap + Outlook
Metrizability

The following spaces are metrizable:
5 = 8(Qp),0 = S(RY)

The following spaces are not metrizable:

30 2 8(Q),5" = 8'(RY), 3083 = S(Aq) = D(U), 300" = 8'(Ag) = D'(U)

(Note: We have not yet proven that S(R?) 2 s, but we will!)

Other generalizations of distributions

e ([l,g) is a compact Riemmanian manifold, 4 = (R/Z)%, and g is a
section. T * Jl @ T * Jl is the symmetric part. S(R?) = (M) is
metrizable.
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e Currents (de Rhan):

k is a differentiable form on R?. We have Pi<iv<<<ip<d Ji1,indTiy N

A Adx;, . To generalize this theory, let the f’s be distributions instead
of currents. z — 6¢. U — 2'(U).

e Distributions on Abelian locally compact groups (Bruhat):
8’(Qg) generalizes to §'(Ag).

e Lie groups that are noncompact (see “Langlands program” or “Tate’s
thesis”) (Harish-Chandra):

GLy(R) generalizes to 8'(GLy(Ag)).

2.3 Basic properties of distributions

2.3.1 The mother of all distributions

The mother of all distributions is the constant function 1, also known as the
Lebesque measure!

Proposition 2.3.1. IfU # @ is an open set in R?, then the map

{QD(U) — K

f = Jy flz) d%

is in D'(U).

Proof. Here we prove that the seminorm p(f) = ’ Ju () ddx‘ is continuous

with respect to ©. (There may be something more to show in order to prove
the proposition).

It is sufficient to find a § € © s.t. p is continuous with respect to || - |-
Define || - ||, by choosing 0, (x) == 1{a = 0} (x)¢TL. The 6,’s we just chose
are nonnegative, continuous, and locally finite, so 8 € © indeed. For all

fe(W),
o) = || fla)ate

< @ @ @) at
< ([ o at) sup (@) 1(a)

zeU

= ([ @rak) sl

The left parenthesized group is finite, so p is continuous with respect to || - ||,
as desired. O
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Proposition 2.3.2. There is a canonical continuous injective map
D(U) — D'(U)
© (f — /ng(:n)f(x) ddac> = L.

(This allows us to identify D(U) with a linear subspace of D'(U).)

Proof. (It looks like we show continuity in this proof, but not injectivity.
Injectivity still needs to be shown.) Consider

PU) - DU) —K
f =yof = [yppof

where L, is the composition of both arrows.
Let A € 9(U) be bounded.
/ pof ‘

< sup (/Rd@)dl ddm) leo flly

feA

= ([t at) sup oo £l
Rd feA

L = sup
Il = s

where the second line is the result of reusing the inequality we had for f
in the previous proof on ¢ o f. We know there exists a 6/ € © such that

lpo fllg < [ fllgr llollgr, s0

IEolly < ([, 7" % ) su 1l o)

< (/Rd@)‘d‘lddfc) (fgggl!flb) (;gg\l@lb)
= (/Rd<w>‘d‘1dd:v> (;ﬁggl!f!\e) lpllg: -

We know that ( Jra{z)—4t ddx) is finite as shown in the previous proof, and
A bounded implies common compact support of the f’s implies sup se 4 || f |4/
is finite. We have shown | Ly, < |||y for some finite number ¢, so for
any A € D(U) bounded, |-/, is continuous with respect to |- ||,, and
hence with respect to ©. O

We have already shown that the following map is both injective and
continuous:

DU) — D(UY
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m»uHﬂymvw#w:L¢

This map has a dense image (which we take for granted). This density
justifies the intuition that any distribution can be seen as

g [os

even if ¢ doesn’t exist as an honest function “¢(z) : 7 i.e., for all ¢ € D',
(DIFFERENT ¢ THAN ABOVE) 3(¢n)n>1 in @ such that Ly, — ¢ in
topology of @', so for all A bounded in 9,

HL¢N’_'¢HA,_}O
or
sup| [ o f = 6()] = 0.
feA
Theorem 2.3.3. There is a canonical continuous injective map

S(RY) — §'(RY)

o (Fr [ )
Rd
which allows identification of 8 as a subset of S'.
Remark: we’ve established the following chain of inclusions:
P(R?) — S(RY) — L*(R?) — 8§'(RY) — @' (R?)

Generic example: Recall a Borel measure p > 0 on U C R? is called Radon
if it’s finite on compact sets. A family (u;);c; of Radon measures is called
locally finite if and only if for all compact subsets K of U, u;(K) = 0 except
for at most finitely many 4’s.

Theorem 2.3.4. Let (,u,;“)aeNg and (N&)aeNg be two locally finite families
of Radon measures on U. Then the map

¢: D(U,R) =R

footn =3 ([ ordut — [ ofdug)

aeNg
is well-defined and ¢ € D'(U,R).

Proof.
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o well-defined:

Let f € 9(U,R) be arbitrary. Then f € C*°(K,R) for some compact
K. Then

3F finite C N¢ such that o ¢ F = p2(K) =0

= o(5) = 3 ([ ovsdut ~ [ o7 fauz)

acF

where ¢ is well-defined and linear.

e continuous:

By theorem 3.1.21, we need only find a seminorm |-| on R and a
seminorm || - || on U s.t. |¢(f)| < c||f|| for all f.

If f € C*°(K,R), then

160 < X (b () + o (K)) I

aeF

k,a

where || f||k,a = sup,ef [6f ()]
O

Now we recall the Dirac ¢ functions: for z € U, §¢ € @(U)’ by definition,

SU(F) = (64, 1) = (02(a). f(@)) = [ 8~ o) ()%
which is a spike at f(z). For our particular case:
ty =0, Va

pl =0,a#0
H(J)r = unit point mass at z
VB Borel C U,ud(B) =1{z € B}

defines a map
U— 2 (U)

z 04,
This map is continuous. Furthermore consider

d

o1
&65+t|t=0 = tl_lgl+ ;(65—4-15 - 55) =1 —0;f(2)

in the topology of &'.
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Definition 2.3.5. A Borel measure f : U — K is called locally integrable if
and only if for all x € U, there exists V C U a neighborhood of = such that
Jy |f| < 00. We call LY1°¢(U) the space of locally integrable functions on U
modulo f ~ g if and only if f = g Lebesgue almost everywhere.

Note that
LU <= 2'(U)

fH(fH/Ufﬁf)

all uE =0, dyg () = ¢ (x)d".

Proposition 2.3.6. For a sequence (fp)n>1, [ € D, we have fr, — f in
D(U) if and only if we satisfy the following:

1. The set {f}U{fn|n > 1} has common compact support.
2. Yo, 0% fr, — 0“f uniformly in U.
Proof. Sketch: if f, — f, then A = {f} U {fn}n>1 is bounded by the

single semi-norm criterion and the definition of convergence of sequences
for p implies |p(fn) — p(f)] — 0 which implies boundedness and therefore
common compact support. [

Proposition 2.3.7. If ¢ : D(U) — K is a linear form, then ¢ is continuous,
i.e. ¢ € D' if and only if for all compact K C U, Vf and (fn)n>1 with
support in K such that Vo, 0% f, — 0% f uniformly, we have ¢(frn) — &(f).

Proof. Sketch: the forward implication is immediate. For the other direc-
tion, we consider that p(f) = ¢(f)| is a semi-norm. We can verify that p
is continuous. Then we can verify that p|ce (g ) is continuous using the
statement of the proposition and the fact that U is metrizable. Then we
can apply the sequential characterization of the continuity of linear forms
to obtain our needed result.

O
2.3.2 Multiplication of Test Functions and Distributions
Remark. Everything that follows has analogues for § and §'.
Suppose that ¢(x) is a distribution and f(x) is a test function. We would
like to define the product distribution f¢, but it is not immediately clear

how this should be defined because ¢ is not a function, per se. Assuming
for the moment that ¢ is a function, we get

(e9) = [ F@e@Na@) d'a= [ o@) (@) = @ fo)

The term on the right-hand side makes sense for any distribution ¢, and we
take it to define fo.
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Definition 2.3.8. Let f € D, ¢ € D'. We define the pointwise product
fe to be the distribution given by

(fo.g) = (v, f9)

Note that fy : @ — K is continuous because it can be written as a composite
of continuous functions

2 HdpEK
where m; is multiplication by f.
Remarks.
(i) The multiplication above makes @’ into a &-module.

(ii) The bilinear map D xD’" — D’ given by (f, ¢) — f¢ is not continuous.
It is, however, hypocontinuous, i.e., continuous on bounded sets.

(iii) The product (f, ) — f¢ extends the pointwise product of functions:
if o € D < D', then the distribution determined by the pointwise
product fo € D is precisely the distribution fo € 9’ that we have
just defined.

2.3.3 Derivatives

For ¢ € @', we again wish to define a notion of for ¢. Following the same
line of reasoning as before, we assume for the moment that ¢ is a function:

(Oip, [) = /3is0($)f(x) déx
= / Oi(of)(x) d'z — / o(2)0; f () d?x
U U
— [ ewdif(@) d'
U

Thus we define (9;¢, f) := (p, 0;f). In the above computation, we used that
Ju 0i(ef)(z) d%z = 0 when ¢, f € D. This will be justified shortly.

Definition 2.3.9 (& Proposition). For ¢ € @', the derivative d;p € D’ is
defined to be the linear form f +— (p, —0;f).

Proof. We need to show that d;¢ : @ — 9 is continuous. Let § € © be a
Horwath seminorm. We have

10310 = sup sup b @)|07 - £| = | o
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where

0. — eﬂ—eia Bi>1
LA L
0, Bi=0

One sees immediately that 6’ is locally finite (because ¢ is) and each 6} is
continuous (because the corresponding 6, is), so we are done. ]

Remark. By induction on |a| > 0, we see that for each a € N&, the map
0% : D — K given by

<aa()0’ f> = (_1)\a|<907ao¢f>

is in @'.

Example 2.3.10. The Heaviside function ¢(z) = 1z > 0 defines the map

fro o) = [ p@)f(@)do= [ (@) da

Notice that ¢ is not differentiable as an ordinary function, but it is differ-
entiable as a distribution:

waﬂ——ij——émfuwm

= f(z)
= (do, f)

That is, ¢’ = dp.

Proposition 2.3.11. 0;¢ generalizes the classical derivative of ordinary
functions via the inclusion @ — D’.

Proof. Suppose ¢ € D, and let L, € D’ denote the associated distribution.
We need to show 0;L, = Lg,,. By the computation (x) at the beginning
of this subsection, this is reduced to showing that [, 9;g(x) d%z = 0 where
g(z) = p(x) f(x). Let g € D(R?) be the extension of g to R? by zero. Then,
applying Fubini’s theorem, we have

/ dig(x) dia = / i(z) d'o
U R4
_ /R I /R 055(x) da;
J#i
=0

because g has compact support. O
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2.3.4 Composition With Diffeomorphisms

Let F : U — V be a C* diffeomorphism and ¢ € @'(V). We would like to
define the “composition” ¢ o F' € @'(U). We apply the same reasoning as
before:

p(F(2))f(z) d'a

W F(F () [J,(F7)] dy

(poF,f) =

I
S~

by change of variables.

Definition 2.3.12 (& Proposition). For ¢ € @/(V'), we define the compo-
sition p o F' € @' (U) by

{poF f):= (g, (fo FHIJF))

Proof. We need to check that the map @(U) — 2(V) given by

Frer(lpoF)(f) =e((fo FTHII(FT)

is continuous. By Proposition it suffices to show that if f,, f € D(U)
all have support contained in some compact K C U and 9%f, — 90%f
uniformly for all a € N¢, then (¢ o F)(f,) — (¢ o F)(f). That is, we need
to show that ¢(g,) — ¢(g), where G = F~! and

gn(y) = [yGl(fno @), g(y) =[LGI(foG)

Now ¢ is assumed to be continuous, so again by Proposition [2.3.7] it suffices
to show that g,,g have a common compact support in V and 0%g,, — 0%
uniformly for all o € Nf)l. The common compact support is clear, since G is
a differomorphism. Choose K C V' compact such that Supp(gy,), Supp(g) C
K. Now |J,G| and any finite number of its derivatives are uniformly bounded
on K, so in view of the product rule, we can assume g, = f, o G and
g= foG. Write G = (G1,...,Gy) for Gy,...,G4 smooth functions on V.
A more general version of the Fad di Bruno formula says that

d

o) = Y Cop 071G T (8] Gitw) "
(0,8)eB =1
and

Bg(y) = > Cop 0falG ﬁ(aﬁ’ )"

(0,6)€B i=1
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for some finite subset B of Nd x (Ng)?, kspi € No, and C,3 € K. Now
le ((95 Gl(y)> s uniformly bounded on K, and by assumption

9z fn(G(y)) — 97 f(G(y))

uniformly for each o. It follows that 0%g,, — 9%¢g uniformly. O
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3

The Fourier Transform

A

For f:R? — C, we define its Fourier transform %|[f] = f by

F1](6) = f(€) = / i€ f(3) dy

Rd

whenever this integral converges. There is more than one way to interpret f .

First, F' defines a linear map F : L'(R%) — C(R%), where C'(R%) is the set
of continuous functions on R%. Indeed, if f € L'(R?), then f is a well defined
function of ¢ € R, By the dominated convergence theorem, f (&) — f £)
whenever &, — &, so f is continuous.

More classically, F defines a bijective linear map S(R% C) — S(R%, C)
with inverse given by the inverse Fourier transform % ~!:

F M) = Fl@) = g [, H(O) e

To show this, first, we show our formula f : £ — Jra e % f(z) d?x defines
a function into S(R?,C). First, we verify that the formula which defines f
makes sense. For each & € R?, we have

€7 ()] = (@) =D (@) @)) < F o - (@)@,
Since || fllo.a+1 is finite z — (27(@*1) is integrable over R?, and so x +
e~ f(x) is an absolutely integrable function on R?.

Next, we show that f is C'°°, that is, 8O‘f exists for all a € Ng. By
induction on |a|, we will prove that 9% f exists and is given by the following
formula:

A

0f(O) = [ (—im)e s (a) d'a,

119
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(Recall that 2 = 2 ... zy? for x = (21,...,2q) € Riand o = (a1, ...,aq) €
Ng). This holds by definition for « = 0. At each inductive step, this follows
from an application of “differentiation under the integral sign," e.g. [Fol-
land, Theorem 2.27.] To apply this principle, we need to show that 0% f is

dominated by an absolutely integrable function. Since |- | < (x), we have
|(—iz)*e™ " f(2)] = [2°] - |f (2)]
— ol )
< (@)l f ()]
_ <x>7(d+1) (<x>\a|+d+1f($)>
< fllo,jof+d+1 - (z)=@+D),

Since || f|o,ja|+d+1 18 a finite constant and z + (z)~(@+1) is absolutely inte-
grable, this proves the claim.

Next, we show that each f has fast decay. For o, € N¢, by Fubini’s
Theorem we have

Eof(€) = [ e (i) @) de

= jlfl=lal [ e=i€e(_ie)B . g0 f(2) o
Rd

— ;1Bl=lal /Rd o° (e—i&v) (2% f(2)) d%

d
— - ] /R 05 (e7551) a2 f () da.
=1

We observe that any term z7 f(x) for 7; € Np is such that x%'f(:z)|go =
lim, 00 7 f(x) — 0 = 0 by the rapid decay of f. Hence, by repeated appli-
cation of integration by parts and Fubini’s Theorem, we have

d
o0 f(¢) = P [ (-1 [ e 6m0) @ @) da
i=1 R
— ilf—lal (1)l / ¢80 (2% f(2)) d'z.
Rd

By Leibniz’ formula, we have

gﬁaaf@) _ (_2‘>|5|+|a| it Z B!

P (YY) . (95 d
R 0<<8 7!(5—7)!(8Ix ) (0,7 f(x))d%w.

By repeated differentiation and Fubini’s Theorem, we see that

(a0 —7)!

Nz =1{y > a}- 7.
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Hence,
Bgo olf! ol |98 £()| a
0 7 () Sg;ag“’yﬁ0"5}7%@—7)!(@—7)!/Rd<“*“> 077 (@) dta
alp! . . —(d+1) g
< 2 sy Mlsrehisin Jular 0t

which is finite as the sum over + is finite. This proves that supgcga €80 f(&)] <

0o for all a,3 € No, i.e. f e 5. We also see that |£7f(¢)| < C||f|lv,e for
some v € N¢ and ¢ > 0.

Finally, we show F is continuous. For £ > 0 and a € Ng, we set m := [%]
Since (-) > 1 and k < 2m, then

I fllak = sup (EF10%FE)] < || fllo2m-

£eRd

We have
(©2m0f(&) = (1+ & +...+€) 0°F(©).

We observe that this is a finite linear combination of expressions £°9% f (&),
for 5 =0,(2,0,...,0),...,(0,...,0,2). We showed that each of these are
expressions bounded above by a constant multiple of a seminorm C|| f||, ..
Hence, || fllar < SMo Cillfllv..e, for some M >0, v; € N, £, >0, C; > 0.
And so F is continuous.

Remark 3.0.1. In the course of this proof, we showed the following relations

between derivatives of Fourier transforms and multiplications by monomials

%

A

L ovf(&) = F [z — (—ix)* f(2)] (£).

2. By integration by parts,
PIE) = [ 0 () d'a
R

= (! [ (e (@) e = (i€)°F(©)

Example 3.0.2. Let 0 < a < d.
d—a

et T oy L
R¢ [ I'(3)
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Proof. Note that L.H.S. does not make sense as Lebesgue integral as / . |:U|_°‘ddac =
R
00. But we will work in the language of distributions. Define

1
Tola €T 0)
o) =B 7
0 z=0
Define the distribution associated to ¢, say T, i.e. given f € S’, we have

<Tf> = [ d@f@)ds.
Rd dd
X
/Rd [0 < z >4+ < 0o.

1 < >dtl
[1of1= ()l
Thus T is well-defined and continuous. So, T' € 5.

| |a <z >d+1

Vfeds,
<T,f>:= f( )
Rd\{O} le
=/ ta(g [, e )i
x#0
Fubini 1 / dt o / d .tz 7
= ' d tlz|
M)t Jrag” " fley )
For a > 0,

FE — e*aéz}(x) = / el ad® e

Rd

:(2a>7%/e T Vamdy, = v/2a€

T.d _ a2
a

)56 4a

2
Take L = t; e 17" = F[¢ — (4nt) "2 )(x)
Substitute into (*) and use Plancherel,

<1, f _r(lg) Om‘ff ‘S(zwd/Rd\{O}dd (4m) S5 £ ()
Fubin F(lg) [ e sent [Tt
=F(13) [ fleet ()5 [Tt s <
Thus, < T, f > = F(ga)Qda(w)g/ . The last part
I'(3) A0} o F(€)

does define an element in S’ asd —a < d < a > 0.
O
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Remark: This was a particular case of Fourier transform for homoge-
neous distributions ¢(z) € S'(RY)— it is homogeneous of degree v € R if
and only if VA > 0, “¢p(A\x) = N ¢p(x)”.

Remark: S’ € 9'. Let ¢ € S'(R?, f——C diffeomorphism of R%; ingeneralgo
f € D' but not in S’. However, if we have f(z) = Az, then ¢ o f does lie in
S’

We quote a theorem without proof.
Theorem 3.0.3. If ¢ is homogeneous of degree vy, then F|¢| is homogeneous
of degree —v — d.

Thus, what we proved earlier is a particular case of this.

3.0.1 Convolution

Definition 3.0.4. Let f,g € S(R% C). Their convolution is defined as
follows:

(Fr)@) = [ fe =)y,
f is bounded and g € L1, so this definition makes sense. In fact, fxg € S.

Theorem 3.0.5.

1 . Conwolution is a continuous bilinear map from S(R?,C)x S(R%,C) —
S(R%,C).

2 . x is symmetric: fxg=g=x* f.
3. VaeNd, 0%fxg)=(0%F)*g+ f*(0%).
4 -V f.g, F(f*g) =F()F(9).

Proof. We will prove the first half of (3) first.

0%f € L*®, g c L'

|02 [f(x—1y)g(y)]| <constant x|g(y)|. Thus derivative can be taken inside
the integral as we have seen in Math 7310. Thus we have f * g is C* and

0 (f*g) = J0*(f(z —y)g(y)) dy.
Now we show part 2, which when combined with what we just saw, will
give us 3.

fra@) = [ 1= ety = [ F@gl - 2% = g+ f(z) using
z = x —y and the translation invariance of Lebesgue measure.

15 gllap = sup <@ >F10%(fxg)(z)| < Sgp/ <z >R 10%f(x—y)llg(y)|d%

from 3.
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We previously had shown that ¥V u,v € R, < u4v >< V2 <u>< v >.
Applying this in the previous calculation and continuing we have,

[N

<9 sgp/ <z —y>"0"f(z—y) <y >*|g(y)ld%y

([, <v>"""d%) < lfllasllgllossan < oo

[N

<2

and hence we have continuity.

Finally to see 4, we have

F(frg) = [ ([ f@—pgway)aa

ot [ [ e pla — e Srg(y)atyata
[ ot (7€ pla — yata)aty
- f©a(¢)

3.0.2 Poisson Equation Revisited

Let p € S. The question was to find out a ¢ such that —A¢ = p. We saw

1 1
that in d = 3, we solved ¢(z) = pp /R3 P y‘p(y)d?’x.

Let’s start a heuristic discussion to handle this case using the tools we
have developed.

“

3 3 A A
F-Ag) = — 3 F26(6) = — .(i€)%3(€) = [6°B(€). Thus we should
j=1 J=1
have from the given Poisson Equation | |2<13(§) = p(&) which should give us

1 «
¢ =F 1 [Wﬁ(ﬁ)} Now if we have = h()¢ for some h, then we can

]2
write ¢ = F HF[h*p|]] = hxpie ¢(x)= /R3 h(z —y)p(y)d>y.

works or not.

Now the question is whether h(z) = o
w|x



125

- 1 —it 1 4
= __ wr___d%%
h(é.) 47.(_ /Rde |x‘a

df
1 I(5%%) daﬂgmdl (from what we have seen)
—a

~dn T(3)

_ il“(1)227rgi27 (asd=3,a=1)
47 T(3) [3

1

GE
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4

Sequence Space
Representation

4.1 Completeness of §

Proposition 4.1.1. Let U be an open subset in R? and {f,}n>1 C CY(U).
Suppose there is a function f : U — R such that f, — f pointwise and for
any 1 < i < d, 0;fn converge locally uniformly to some function g;. Then

f € CYU) and g; = 0;f for alli.

Proof. Since g; is locally uniform limit of continuous functions, it is also
continuous and for any = € U there exists € > 0 and B(z,€) C U such that

sup [0ifn(y) — gi(y)| = 0 asn— oco.
yEB(w,€)

Now for [t| < €, by FTC

1
fulz +te;) — fu(z) = t/ O fn(x + ste;)ds
0
By taking n — oo (note that 9;f, — ¢; uniformly on B(x,¢))
1
flz+te) — f(z) = t/ gi(x + ste;)ds
0

Then by uniform continuity

[z + tei) — f(x)
t

— @) = | [ Lo+ ster) - (ol

< sup |gi(x + ste;) — gi(z)] = 0 asn — oo.
s€[0,1]

So all partial derivatives of f exist and 0;f = ¢; which are continuous, and
fecyu). O

127
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Theorem 4.1.2. Let {fn}n>1 C Z(RY) such that for any (o, k) € Nd x No,
{fn} is Cauchy in the norm || - ||or (i.e. Ve >0, IN >0 s.t. Ym,n > N,
| fm — fullak < €). Then there exists f € #(R?) such that f, — f in the
topology of .7 (R%).

Proof. 1t is known that {f,} is Cauchy in || - ||o,k, in particular for (o, k) =
(0,0) or (1,0) this implies { f,,} and {9; f,,} converge uniformly and by Propo-
sition [A.1.1]

fo— fEC'RY, Oifn — Oif
One can iterate the above procedure and show that f € C*°(R?) and 0 f,, —
0 f uniformly for all .. In what follows we will show f, — f in #(R%): By

the hypothesis, with «, k fixed, for any ¢ > 0 there exists IV such that for
m,nZNandeRd

(@)* 10 () = 0% ()| < €
For fixed €, N, m, z, by taking n — oo in the above inequality we get
(@)* 0% fin () = 0% f(2)] < €

Since it holds for all  we proved that for any € > 0 there is IV such that
| frn — fllaeg < € when m > N, and since a, k are arbitrary this means
fn—f — 0in Z(RY). Finally, f € .#(RY) because for ¢ = 1 there is Ny
such that

I fllak < N Nollak + 11 fNo = Fllak < N fNpllae +1 < o0

Corollary 4.1.3. .7(RY) is a Fréchet space.
Proof. Let p: N — N& x Ng by n + (an, kn) =: p(n) be a bijection. Then

the sequence of seminorms || - ||,y defining the metric
d(f,g) ==Y 27" min{1, || f — gllyw)}
n>1

satisfies the requirement of being Fréchet: Clearly it is a distance (trans-
lation invariant) in .#(R%) which defines a topology 7(d) of .#(R%). And
clearly this is a complete metric space. We only need to show 7(d) =
(.7 (RY)).

(C): For any Bc(f) in 7(d), the multi-ball

{g11F = gllpy < /20 1 = gll oy < €/2}

with 27" < €/2 is contained in B(f).
(2): On the other hand, note that

Bayne(£) € {a | I = alloy < & 1f = gy < €}
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4.1.1 Old and New density results in L*(R% R)
Recall that

COR?,K) := {f : R? = K which are continuous}
C%R?,K) := {f : R? = K which are continuous and compactly supported}

and also we have inclusion
»(R?Y) c CORY) ¢ L*(RY)
»(RY c #(RY) ¢ L*(RY)
Proposition 4.1.4. C%(R?) is dense in L?(RY).

Proof. Recall in Math 7310 — Hwk8 we showed that C°(R?)NL?(R?) is dense
in L?(RY). For any f € L? take g € CO(RY)NL2(RY) such that || f—g||z2 < e.
Now let

gn(z) = g(z)®(z/N), N>1
where ®(z) = @3(|x|) which is the bump function defined in section
Then gy € CO(R?) and by DCT

lg — gnll72 = / g(@)? (1= ®(x/N))’>de -0 asn— oo
RI\ B(0,N/2)

so we can take large N such that ||f — gn||z2 < 2e. O

Proposition 4.1.5. @(R%) is dense in L?>(R%). (This implies ./ (R?) is also
dense in L?(R?).)

Proof. By Proposition it suffices to show @ (R?) is dense in C?(RY)
under L2 norm. Let f € C?(R?) and K = supp(f) which is compact. Let
R > 0 be such that K C B(0,R). Then by Theorem there exists
{fn} € D(R?) such that supp(fy) C B(0, R) and

”f_fNHoo — 0

Then

15 -l = [

|f(x) — fn(z)[Pdz < Vol(B(0, R))||f — w2 — 0
B(0,R)

O]

22 | .
Theorem 4.1.6. Let V' be the C-linear span of {6'2“5‘” | € € Rd}. Then
V is dense in L?(RY,C).
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Proof. Tt suffices to show V is dense in @(R?) under L? norm. Let f €

x2
D(R4,C). Then g(z) = e2 f(x) € D C .. Since Fourier transform is
invertible on .7,

(

SO
1 2
F@) = Gy foa e T (€
Let
_ 1 7§+i£xA
) = Gt g T

Then

6_% R

@) = @) < G [l

and by DCT

3d

1f(x) — far(@)]|32 < 27%(n) "2 16(6)]dE =0 as M — .

/Rd\[—M,M)d

Next for N > 1, divide [-M, M)? into (2M N)? cubes of side length N—!
and write

far(a) = Lo e Ty
(2m)° EE[—M,M)Zdﬂ(le)d EHONT)

Define

2
x) = e_%ﬂfz/ g(n)d
fun () > d o nya 1D

d
(M) el aadiim-1z)

By definition fy;ny € V and

2

e T
|fa(z) = fun(z)] < (2 Z d/§+[0,N1)d

Ee[-M,M)IN(N—1Z)

A

e — ™| 1g(n)|dn

For u,v € R,

. ) 1 )
e —e™| = / i(v— u)ez(uﬁ(”_“))dt’ < |lu—v|
0
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For n € £ + [0, N~1)4,

Vd

_ < _ £ < -
nw — €x] < Jally — €] < |21 %

So
ze"% v
rje 2

— < v A
) = Frew @) < S e [ oGl
Then
1 far(x) — farn ()32 < LHQH% / 22 dr -0 as N — oo.
) L2 = N2(27r)d L R

O]

Theorem 4.1.7. Let Wy = {e =" /2p(z) : p(z) € K[zy,...,x4]} (here z2
understood in sense x3+- - -+122), Then Wy is a dense subspace of L?(R%,K).

Remark 1. The claim of theorem is well posed for Wx is clearly con-
tained in Schwartz space S and thus L2(R?, K).

Remark 2. Notes from Math 7305 have a proof for the d = 1 case (it is
“very ad hoc” method) and it’s possible to extend the proof to d dimensions.
We’ll present an alternative proof which uses methods discussed.

Proof. We'll prove two cases.

z2 |
(K = C). Fix function g(z) = e~ 2 %%, To approximate g in We, we’ll
expand €*¢* for N € Ny. Define

2 N (e, \n
gN(:L') — e—% (ng)
=0

e We.
n!

We easily get the following bound on the difference of g and gp:

9@) —gn@| <3 Y o p 5o BPI

| |
n>N+1 n: n>N+1 s

hence
g o m

g(z) —gn(@)P <™ 3

1nl
SN m!n!

It follows that

j€m*

lg(@) —gn (@2 <

2
/ e % ’x|m+nddx
Rd
m,n>N+1

m!n!
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which by Cauchy-Schwartz is bounded by

m+n 1/2 1/2
Z €] i (/ e_x2|$’2mdda:) (/ 6_x2|582"dd:1:> i
min! Rd Rd

m,n>N+1

The right side of the inequality above can be denoted as Ry? where

Ry = Z L3 (/Rd e_x2|x]2" ddac) 1/2. (4.1)

|
n>N—+1 n:

It remains to show that Ry converges. By use of spherical coordinates,
notice

o
/d e_x2|ac]2" d?z = Volg_1(S%71) x / e p2rtd=l gy
R 0

1

= Vol (S%71) x f/
2 Jo

where last equality is result of change of variables s = r2. Notice the integral
term is identical to the Gamma function evaluated at n+d/2. Putting things
together, we now have

1 d
/ e_m2|x|2” d?z = Volg_1(S¥71) x =T (n + )
Rd 2 2

n=0

[o¢]
It follows that we can approximate line 1’ by the power series Z canlél”

where

r(n+9)

1
o and c¢= \/2V01d_1(5d1)

ap =

Making use of the gamma function property I'(z 4+ 1) = 2I'(z), we see the
series has an infinite radius of convergence

an | F(n—i—%) _on+1
anil —(n+1) F(n—’_l—i_%) _m as n — oo 50

and so all £, Ry converges.

(K = R). Fix a function f € L?(R%,R) C L?(R?,C). By our first case,
there exists a complex polynomial Py € Clzq, ..., 24| such that

z2
fn(z) =e 2 Py(x) = f
in L? where fy € We. We may write the polynomial Py in the form

Pyn(z) = Z Cna ¢

finite «
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where Cy,a € Cand 2 € R. Define Qx(z) to be the real part of polynomial
PN. Then
QN(I') = ZRQ(CN,G) z* € R[xla "'7xd]
«

and )
Re(fn)(z) = e~ 7 Qn(z) € Wk.
From here, the result follows by observing
If = Re(fN)H%?(Rd,R) = |[Re(f — fN)H%‘Z(Rd,R) <|f- fN”iz(de)

which goes to zero as N goes to infinity. ]

4.2 Hermite Polynomials

We’ll only define Hermite polynomials in one dimension setting before mov-
ing on to the multi-dimension definition. See Math 7305 notes for details
on the one dimension Hermite polynomials.

Definition 4.2.1. For n € Ny, define the (n'") standard Hermite Polyno-
mialll as

Ho(z) = (—1)"e" (;‘;)ne— (4.2)
Here is a list of the first six Hermite polynomials
Hy(z) = H3(z) = 823 — 12z
Hy(x) =2z Hy(x) = 162* — 3822 + 12
Hy(z) = 4% — 2 Hs(z) = 322° — 16023 + 120z

From the following proposition (proven in Math 7305 summer class),
H,(x) is a polynomial of degree n with leading coefficient 2".

5] k
—1 !
Proposition 4.2.2. For any n € Ng, Hy,(z) = E M(2x)n_2k~
= kl(n — 2k)!

Since we have exactly one Hermite polynomial of degree n, it’s possible
to represent any polynomial over K as a linear sum of Hermite polynomials.

Proposition 4.2.3. {H,(z)}n>0 forms a basis for Klx].

Furthermore, Proposition also shows that the Hermite polynomials
form an orthogonal system in L2(R,K) with respect to weight e’

Proposition 4.2.4. Let n,m € Ng. Then
/ Hn(:(:)]-Ln(a:)e_gc2 dz = 2"nIN/T 0.
R

Proof. Repeated use of integration-by-parts. O

!There are many different equivalent formulations of Hermite polynomials.



134 4. SEQUENCE SPACE REPRESENTATION

Multi-Dimensional Hermite Polynomials

The results for Hermite polynomials in one-dimension can be extended to
multi-dimensional Hermite polynomials.

Definition 4.2.5. Let a = (a1, - ,a4) € Nd. Then the d-dimensional a-
Hermite polynomial H,(z) is the product of the one-dimensional Hermite
polynomials on the components «;. That is,

Ha(x) i= Hey (01) Hoy (2) - Ho, (). (4.3)

By construction, H,(x) is separable, i.e., a product of different vari-
able functions. Therefore orthogonality translates to the system of multi-
dimensional Hermite polynomials

/ Hoz(st?)Hg(ac)e*x2 dz? = 21°l ol 72 1{a = Y.
Rd

In addition, the d-dimensional Hermite polynomials form a basis on the
polynomial ring K[z1, -+ ,z4]. However, since H,(x) are strictly polynomi-
als for all o € N¢,, they are not in L?(R?). The goal is to manipulate the
Hermite polynomials enough such that not only their manipulated counter-
parts are in L?(R), but they also form an orthonormal basis. We will call
this maniuplated function a Hermite function.

4.2.1 Hermite Functions

We'll first define these Hermite functions in one-dimension.

Definition 4.2.6. Let d = 1 and n € Ng. The n'"-Hermite function h,, ()
is defined as a re-scaling of the n'" Hermite polynomial multiplied by an
exponential

ho(z) = m= V4 277/2 (n))=1/2 =2°/2 [, (). (4.4)

By construction, the Hermite functions form an orthonormal system in
L?(R).
/ P () o () daz = 7112 2*”(n!)*1/ 1"-In(gv)[17m(alt)e*“2 dx
R R
= 7227 (n)) 7L (27T )
= 5m,n

Moreover the Hermite functions form an orthonormal basis in L?(R). Indeed
by construction, the Hermite polynomials span the space Wy = {6_1‘2/ 2p(x) :
p(z) € K[z]}. We showed in Theorem that Wk is a dense subspace of
L?(R) and 50 (hp)n>0 form a basis in L?(R).
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This can be extended to multi-dimensions in an analogous way to Her-
mite polynomials. Namely if o € Ng where d > 2, define

ha(z) = hay (1) hay(22) - - - ha, (7q)

_ 7T_1/4 2—|o¢\/2 ((1!)_1/2 (_1)|oc| em2/2 aae—w2 (45)

As shown in dimension one, the multi-dimension Hermite functions form
an orthonormal system in L?(R?).

Proposition 4.2.7. For any a, 3 € N&, (ha, hg) = 1{a = 3}.

Proof. Observe that
d

<h047 hﬁ) = H<h04i ) h5i>
=1

which reduces to dimension 1 result proven above. O

Moreover, the multi-dimensional Hermite functions form an orthonormal
basis in L?(R%). Before we present the proof, we need to define the following.

Definition 4.2.8. Let I be a countably infinite set, V a TVS, and (v;)ier
a family of elements in V. Then the sum }_;.; v; is unconditionally con-
vergent to v € V if and only if for any exhausting sequence of finite sets
{AN}N>1, BMN 500 D2ien, vi = v in the sense of the topology on V.

Note that by “exhausting sequence", we mean

AMCAyC---C U Ay =1.
N>1

Theorem 4.2.9. (h,)a € N& is a Hilbertian orthonormal basis of L?(R%,K).
In particular,

> Aha, frzha = f (4.6)

aeNd
unconditionally for any f € L?(R%,K).

Proof. Let Ay be an exhausting sequence and Vi be the linear span of h,, for
«a € Ay.Since there are finitely many h, in Vy, it follows that Vi is a finite
dimensional closed subspace of L%(R,K). Define Py to be the orthogonal
projection on Vy, namely

Pn(f) = Z (ha s fha-

aEAN

In L? norm of f, ||f — Pn(f)||z2 — 0 as N — oo and since UV;, = Wx which
we know is dense in L?, the desired sum follows. O
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Theorem 4.2.10. The map
@ : L2(R%, K) — 2(Ng,K)

where

£ (ha s 1)) e

is an isomorphism of Hilbert spaces.

Proof. We’ll prove the map is well=defined and surjective. The preservation
of inner product is left as an exercise (difference between R and C cases).

Well-defined. Assume f € L?>(R% K). Let Py denote the projection
operator on the subspaces Vi as defined previously. By application of Par-
seval,

1£17: = Jim [Py(PIfF2 = lim 3 [(has AP = D [(ha, AP

acAy aeNd

where the RHS is the definition of the (squared) ¢2(N&,K). Thus f € L2
insures ((ha , f)) aeNd € % and so the map ® is well-defined. Furthermore,
this also shows the map ® is a linear isometry.

Surjective. Assume (z,) € 2(N@). Pick y = {a : |a|] < N} to be
the set of multi-indices below level N. Let fy = > ¢ An Zahe be finite

Z, combination of Hermite functions. By construction, fy € L?(R%). If
M < N, then

Ifar = fulle =11 Y0 zahall= Do |zl

CMEAN\AM CMEAN\A]W

where the last equality is by orthonormality. Since (z,) € ¢2, this ap-
proaches 0 ans N, M — oo. Hence (fy) is a Cauchy seqeunce in L? and
L? complete immediately gives us (fy) is a convergent sequence in L. Let
f = limy o0 fv € L2. It suffices to show (hy, f) = 2z, for all a € Ng but
this follows from construction of f.

<ha, f>L2 = lim <ha, fN>L2 = lim ]l{Oé € AN}Za = Zqo
N—o00 N—o00

Hence ®(f) = (Za)aeNg and so ® is surjective. O

4.3 Proof of Sequence Space Representation

Recall from section 2.2.3 that the map

I'y: S(RYK) — (NE, K)
£ ([ hao) o) ate) "
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is a TVS isomorphism. Since h, is real-valued and f € § is seen as a
distribution because of the embedding S < §’, we have

- ha(@)f (@) d% = {half) 12 = (flha)-

Recall that £;(8,8) is the K-VS of continuous linear maps from § to
itself, where multiplication is composition and [A, B] :== AB — BA is the
commutator.

Recall that for all i € N, 9; € %1(S,8), and so for any o € N¢, 9% =
ot - 99" € 21(8,8). Likewise, 2 are elements of £1(8,8), where z® is
viewed as the operator which is left multiplication by the monomial . To
see that this multiplication operator is continuous, let f € § and a € Ng.
Then z®f € C*°, and using Leibnitz rule, we deduce

2 1l = sup ()" |07 f ()|
zelU

< sup (z)" 6) |07 f(x
$65<>0§<B<7 0727077 f ()|
= sup (z)" p «@ o x 8= f(x
e og:gﬁ (’Y) ‘ﬂhé Mo o7 110)
B al al=l | 98—
< sup <x>’“0§ﬁ @wsa} o @ T @)
alg!

<> 1{y<a,p}

d
vENG

o= B~ M la=riei=piet

, . .
where the || f||5_, 4/—j,+x S are continuous seminorms, hence we have con-
tinuity.

Next we will give some useful commutation relations.
Since multiplication by monomials is commutative, we have for all 7,5 €

(1,....d},

hn,xj]::O

By Schwarz’s Theorem (or Clairaut’s theorem on equality of mixed partials)
we have Vi, j € {1,...,d},
[05,04] =0

. Finally, for all 4,5 € {1,...,d},
(03, 5] = bij 1,

where [ is the identity operator on §. Indeed, for any f € §, we have
[0, 251 f(z) = (0izj — x;0;) f(x), were, by Leibnitz we have that

Oi(z; f(z)) = (0sz;) f(z) + 2 (0: f) ().
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For all i, define

1 s
a; == \ﬁ(:ﬁz +0;) (the annihilation separator)
1
aj = %(azz — ;) (the creation separator)
1
0; = 5(@2 —0?) (the harmonic oscillator)
1 =05, zi] (why??)

The terminology comes from quantum mechanics and a system correspond-

ing to a harmonic oscillator.
Note that we have

1
Gi:a:-‘ai+§

Indeed,

\%(%‘ - 81‘)\2(% + 0;)
= (2 — 9i)(w; + 0;)

= 2? — i, + 2;0; — O}

= a? + —[0;, %] — O}

=260; -1

2a;a; =2

From this, we get the following commutation relations for all 7,7 €

(1,...,d}.
[ {CLZ', aj] = 0

hd [a’;va}k’] =0

° [ai,a;] = 041

proof: For this, we need only to check when i = j.

i, 0] = 3l + 04, — 0]
1
= 5 (i) ~ [2:,01)
= (U= (1)
=17

o ¥n > 1,[a;, (a})"] = na})"?
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proof: Proceed by induction, where the case n = 1 was shown above.
Forn > 1,

[ai, ()"

=n(a})" ta + (a})" (by the LH.)

Lemma 4.3.1. The following are true:

1. ajho = Va; +1 hoye,

2. aghy = 4V Mamer Vil
0 ifa; =0

3. Oiha = (a; + %)ha, i.e. the hy are joint eigenvectors for the 0;.
4. ho = a!_%(af)al . (GZ)aldhO'

Proof. Recall that

O (e ™ . e ) = 90 ... agd(e—w? ceTTd) = (00 e (33%—3:3),

Then N

2
ha(z) = 7127 2 al =3 (—1)lle T goe ="

Applying a; gives

—d ol 1 2 oo —a?
Oiha(z) = (71 12772 ol 2(—1)”") Oiez 0% "

_d ol 1 22 22 0 a2 2? g2
=7 4272 a! 2(—1)|a‘8i62 <$i628ae z —|—623a+ele r

and so

d lo

* 1 —d I -1 e il a+te; ,—x?
aiho(x) = —= (124272 al72(—1)) (=1)e 27 0% e
= \/m ha—&—ei(x)u

as desired. Now, for any a = aje; + - -+ + agqeq, where e; are the standard
basis vectors, we get

ho = al™2(a})™ - - (a})*ho
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by starting at 0 = (0, ...,0) and iterating the identity afh, = v/a; + 1.
For (2), first note that since

o3,

the computation

22

Oiho(x) = ﬂ_%(—xi)e_T = —x;ho(x)

shows that a;hg = 0. E|

Now, for a # 0, we have for each 1,

d

aihe = Oz!*%ai H(a}f)ajho
j=1
= Oz!*%ai H(a;)o‘j a;(a;)*h,
J#i
=al 2 [T | ([ai, (a)*] + (a7)*as) ho
J#i
= al72q; | [[(a})™ (ai(a;)aﬂ + (af)a"ai> he
J#i
= o724, | [T(a)) | (aia})® Yo (since azhg = 0)
i

Now, if ; = 0, then we have a;h, = 0. On the other hand, if o; > 1, then
the above is equal to

aihg = aia!*%ai (H(a;)%) ((a;")ai*l) ho

JFi
== \/Oéiha,ei.

2Tt jumps by “quanta”. Quanta are discrete, and this is where the term “quantum
mechanics” comes from!
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To show (3), we simply compute

1
eiha: :z a5 ha
<a a +2>

1
= ajajhq + §ha

1
= a; /@i ha—e, + iha (using above fact)
1
= Vai /(@ = 1) + 1 hig_e;)te; + iha (using corresponding * fact)
1

1
= 7 5 ha7
(a + 2)

which concludes the proof of the lemma. O

Proposition 4.3.2. T’y is well-defined and continuous.

Proof. f € § and k € Ng.

IN

S T1 (ot 5) "t ol

aeNd i=1

<H (o 3) o)

L2

(by integration by parts)

(by Parseval)

Note that this weighted L? seminorms composed with /- is a continuous

seminorm. So, ['4 is continuous on §. 0
Note that we can use the separating family || - ||, x of L? seminorms instead
Of [| - [loo k-

We've seen already that for k ranging through Ny and all p € [1, 00), the
following is a defining collection of seminorms for 4(Np):

ol = (X (@)¥lzal) .

d
aeNG
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We consider p = 2:

ITa(NIEx = D (@)*|zal®

aENg
d
() =1+a2+--- H1+a
Note that
d 1
(@) < 2! Lo + 3)
i=1
and
ITa(f)lI55 < deZH (i + =)F(has f) 2]
< 22|60} ... 03 flIZ
where 6% ... 0% is a continuous operator from § to §. Furthermore, ||.||z2 is

a continuous seminorm on 8(R?). We have that for g € S,
lgliz: = [ @)@y g(a) P

< 2 —(d+1) gd .

<Nl fassy [ (@)t

We’ve proven that the following map is continuous:
I:S(RY) — s(RY).

Now, define:
Z4:5(Nd) — S(RY)

Z = (za)aeNdHA}gn Z Zala-
la|<N

We'll show = is well-defined, continuous, and inverse to I'y.

Lemma 4.3.3. For all B € N& and for all k € No, there exists ¢ < 0 and
exists m € Ng such that for all o € Ng,

1hallgr < c{e)™
We have that ¢, m are independent from o but can depend on (3, k.

Proof. Now we complete the proof of the theorem (not the lemma above!).
For z fixed, we consider:

fN: Z Zakozes

la|<N
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M<N=fv=fullpr =1 Y, Zahallgr
M<la|<N
< Z ’Zozmhanﬁ,k
M<[al<N

because
Z |zalllhallgr < 00

aENg
and indeed by lemma 1, for 2 € 5(Ng),

> lzalllhallgr < D 12alCle)™ < 00

aeNg o

= (fn) is Cauchy for all ||.||g

= we have a convergent sequence, f = A}im In
— 00

= Eg4 is well-defined, linear, and continuous.

1Za(@)llgk = If gk < cllzllg e
where we're employing a continuous semi-norm on s(N%). Now we consider:

z€3,g0Z(2) = Fd< lim Z zaha>
|| <N

N—oo

= lim rd< > zaha>

N—o0
la|<N

= Jim_ > zala(ha).
la|<N

we have that
Ca(ha) = ((hoshabiz)

where (hg, ha)r2 = 1{8 = a}. Therefore, we have the following:

Fd o Ed(z) (1{|Oé| < N}ZQ)aeNg -z

= lim
N—o0
—~ T, 05 =Id,

ZgoTq(f) = lim 3 (ha,flha=1g €S
|| <N

g— fin L?
f=gin L?
f, g are the same functions in 8

= Zg0ly=1d,
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Proof of Lemma. Call a seminorm || - || on $(R?) good if for all ¢ > 0 there
is m € Ny such that for all o € Ng,

[Pall < e{e)™

We need to show that for all 3 € Ng and k > 0, || - ||g is good. First,
we claim that the set N of of good seminorms has the property that if p is
a seminorm continuous relative to N, then p € V.

Indeed, for such p, there exist 7,...,7, € N and ¢ > 0 such that
p<clr+- -+

By hypothesis, there exist A; > 0 and m; € Ny, 1 < i < n, such that for all
a e N,
Ti(ha) < Ai{a)™ < A{a)™
where A = max{A;,...,4,} and m = max{mi,...,my,}. That is, for all
a e N¢,
plha) < cnAla)™

We now show that each || - |45 is continuous relative to &. Recall that if
f € S(RY), then

[ Fllag = sup(z)*[0°f ()]
Expanding the right-hand side of the inequality
()t < (1 +22)F,
we see that || - ||o% is continuous relative to the seminorms of the form

171 = sup o0 f()l, B e N

We now invoke the Fourier inversion formula:

1 €x F
F@) = Gy L, 1O '

As in the proof that F(§) C 8, integration by parts and Fubini’s theorem
give
;lel+18]

) = Ty 0 (67 (0)

Thus, by Cauchy-Schwarz,

707 (@) < g [ 407D [oF (6 o)) | ae
< L O (1 + E2)H100 (€ ()]

(2
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After expanding the last expression above using the Leibnitz rule and the
triangle inequality, we see that ||f|, 5 is continuous relative to seminorms

of the form || f] f;’(; = \|§786f||L2.

Recall that 87 f(€) = F[(—iz)? f(x)](€); that is,
P oF=Fo (—i)“ﬂx(S

Integration by parts gives us

€5 = [ (0.7 () (o) '
= [ e iR (@) d'a
= (=0, F@)](€)

That is,
& oF = Fo(—i)lo

Putting these two observations together yields
0 oF = (—)IthF 07 0a?
so that
1155 = I1F102 (2 £ ()]l .2
= 2m) 72|07 (20 f(2))]| 12 (Plancherel)

By again expanding via the Leibnitz rule and triangle inequality, we find
that || |7 5 is continuous relative to seminorms of the form

11 5 = [l 07 f ()] 2

Because the seminorms || - ||5 %, which define the topology on S(R?), are
continuous relative to the continuous seminorms | - [|7/ 5 above, the latter
form a defining collection of seminorms for the topology on S(RY). Let
a;,af (1 <i < d) be the annihilation and creation operators, respectively,
which were defined in section For B = (by,bg,...,by,) a finite sequence

in {a1,...,aq,0a7,...,a3} € £i(S,8), define yet another seminorm || - ||g)
by
4

1715 = lb1ba - buf 22
Then || - ||/ 5 is continuous relative to || - H 5~ because

a; + a; a; —af

xTi = and 0; = ——*
(2 \/i 7 \/§
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The last step in the proof is to show that each || - ||g) is good. Recall
that

ihoufew
'ha = Vi + Thase, and aiha = {OV i fai—e; .
) Qg =

Thus, biphe = VC hg for some 3 € Ng and constant C' which is a product
of numbers bounded above by |a| + n + 1. Therefore, for any ¢ > 0 and B
fixed, we can choose m € Ny large enough so that

4 n n m
Ihallly’ < (lof +n+ 1)"lhallz2 = (la] +n +1)" < c{a)™,

showing that || - Hg) is good. O

We introduce a general lemma about topological vector spaces.

Lemma 4.3.4. Assume X and Y are topological vector spaces and that
T:X =Y is continuous and linear. If A C X is bounded, then T(A) CY
s bounded.

Proof. We apply the general definition of “bounded” for subsets of TVS’s.
Let U C Y be an open neighborhood of the origin. Then 7~ (U) is an open
neighborhood of the origin in X. By definition, then, there exists A > 0
such that AMA C T-1(U). By linearity of T,

AT(A) =T\A) c T(TH(U)) C U,

and so T'(A) is bounded. O

The strong dual construction for topological vector spaces can be viewed
as a contravariant functor from the category of TVS’s to itself. This functor
sends a TVS V to its strong dual V' and sends a linear map (morphism)
T:X — Y toits transpose T' : Y/ — X' the map such that 7"(L) = LoT for
all L € Y'. The adjective “contravariant" refers to the fact that the functor
reverses morphisms’ arrows. By definition, strong duals are always locally
convex. So, this functor maps into the full subcategory of locally convex
TVS’s, a subcategory of the category of TVS’S. The adjective “full" means
if X,Y are members of the subcategory, then T': X — Y is a morphism
(continuous linear map) regardless of whether it is viewed as a member of the
original category or the subcategory. This is indeed the case, since linearity
is an intrinsic property of T'.
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We include a quick verification that the transpose is indeed a functor of
TVS’s. That is, it sends continuous linear maps to continuous linear maps.
The fact that it preserves linearity is evident. And if A is bounded in X,
then

IT"(L)|| 4 = sup |T"(L)(z)| = sup |L(T())| = sup [L(y)| = [Llir(a)-
z€A €A yeT(A)

Since the collection of seminorms || - ||4 for A bounded defines the strong
operator topology on Y’ and each T'(A) is bounded by the previous Lemma,
then 7" is continuous by Theorem 2.1.21.

The following relation between transposes and composition is also evident:
(MTy)' =T,T4
for any linear maps 77 : Y — Z, 15 : X - Y and TVS's X, Y, Z.

In sections 4.4 and 2.2.2, we showed that we have the following chain of
TVS-isomorphisms (we are renaming the map “t" as Ay).

S(RY) —L1y (Nd) —24s P (Ng) = 7.
Applying the transpose functor yields TVS-isomorphisms between strong
duals:

!

F(No) = () —24, (Ndy L1, §/(RY).

In Section 2.2.6, we showed there is a TVS-isomorphism . between the
abstract strong dual ()" and the sequence space .7/ € KNo. Hence, view-
ing S’(R%) as TVS-isomorphic to (.#)’, we have a non-explicit isomorphism
between S’(R?) and a sequence space. But it is useful to produce such an
isomorphism explicitly.

First, we introduce some generalizations of previous notation:

1. #}(NZ) := KNo denotes the space of all multisequences.

2. .73 . (N§) := [0,00)No denotes the space of all non-negative multise-
quences.

3. For w e 4, (N§) and = € Z{(N§), let x|, := > aeNd Wa|Zal-

4. S'(Nd) == {z € F(Nd) : 3C > 0K € NoVa € N | |24 < Cla)*.
This is the space of multisequences with at most polynomial growth.

5. .74 (N§) := Z(N§) N.7§ , (N§). This is the space of rapidly decaying
non-negative multisequences.

6. If 7,y € F5(N3), we set (x,y) = ZaeNg TaYa, if this series is abso-
lutely convergent.
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Let C denote the counting measure on N¢ and let z € .7((N&). Then it is
convenient to write

lalo = [ walzaldC(a).
a€eN

0

Recall (Sect. 2.2.6) that for all d > 2 there is a bijection pg : No — N4
such that for some constants C7,Cy > 0, for all n > 0, we have

(pa(n)) < Ci(n)

and

(n) < Ca(pa(n))”.
From this bijection, we obtain a map Ay : .ZJ(Nd) — #J(Ng) given by
Ag(z) ==z 0 pg = (Tp,(n))n>0 for x = (xa)aeNg. This is K-vector space
isomorphism. Since .7 (N&) C .ZJ(N4) and .#(Ng) € .7}(Ng), we also let
Ay denote the restricted map Ag : (Ng) — 7 (Np), which we showed is a
well-defined TV S-isomorphism.

Hence, for = (z4) € S} (N§) and w = (wa) € 7 |, we have
lzlo = [ walzaldCla) = [ wpmlpm] d(piC) ()
a€eNg a€Np

= / N Woy(m) [Zpa(m)| AC (@) = (1, m) )nz0l(w, (1) ns0 < 005
a€Np
since p;C = C.

From this computation and the growth property of pg, it follows that || ||,
defines a seminorm on .%’(N@) for w € .7, (N). We define the topology on
Z"(N&) to be the locally convex topology generated by these seminorms

“'Hw-
Theorem 4.3.5. The map J; : (. (N@)) — #/(Ng) given by L (L(ea))aeNg

is a TVS-isomorphism. As before, for all x € #(N&) and L € #(N3)" we
have

L(z) = (F(L),x) = Z L(eq)zq.

aENg
Proof. The case d = 1 was proven in Section 2.2.6. So we assume d > 2.
First, we observe that Ay : .7/ (N&) — .#/(Ng) is a TVS-isomorphism. Ay is
well-defined; if z = (xa)aeNg, then there exists some constants C' > 0, k > 1

such that |z,| < C(a)* for all a. Hence, for some constant C’ > 0, for all
n > 0 we have

|[Aa(2)n| = |20m)| < Clpa(n))* < CC" ()",
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ie. Ayg(z) € ' (No). Ag is evidently bijective since pg is a bijection. Lin-
earity is also immediate.

We observe that if w = (wp)n>0 € Z4(Ng), then since the bijection py
grows at most polynomially, wop;* = (wp;1(a))a€Ng € 7+ (Ng). To see this,

let C,k > 0 be such that |ws| < C{a)* for all a. Then for all n > 0,
w1 0y] < Clog!(n)* < CC'(m)

for some constant C’ > 0, since pg grows at most polynomially. Similarly, if
V= (l/n)nzo € er, then v o Pd € er(No)
Continuity follows from the observations that

[Aa(@) |y = [|2]] opr

and
IAZ @)l = 19llwopa

for z € 7' (N3), y € .7'(Ng), w € Z(Ng), and v € .7 (Ng). As observed,
wopg € %4+ (Np), and I/Opgl € 7+ (N&). Hence, Ay and Agl are continuous
by our criteria for continuity of linear operators on locally convex TVS’s.

Next, we observe that .¥; can be written as the following composition of
TVS-isomorphisms:

/ (Aéi)_l r 3 / Agl r(Nd
—— S (Np)) —— " (Ng) —— Z'(N§)

(7 (N)
To see this, let a € Nd and L € (#(Nd)’. By applying the definitions
outlined above, we have

(A7" I (A ) (L)a = I (AY T (D)e _,

Py (@)

= (A&)_I(L)(ep_l(a)) = LA;l(ep;1(a)) = L(ea),

d

from which it follows that f; is a TVS-isomorphism such that L(z) =
(Ja(L), z) for all x. O

This theorem gives us a clearer picture of the strong dual (.#(N&)’ by
realizing it as a concrete space of sequences. We apply it immediately to
give a similar realization for the space of distributions.

Theorem 4.3.6. The map Ty : S'(RY) — Z/(N&) such that Ty(¢) =
(qb(ha))ae,\,g for all distributions ¢ is a TVS-isomorphism. (Recall the no-
tation he, for Hermite functions). This is such that

O(f) = Ta(®),Ta(f) = Y. dlha){ha, f)r2

d
aeNG
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for all distributions ¢ and test functions. The inverse function is given by
the formula

~—1
Fd . (Za)aeNg — Z Za<ha, >L2
aeNg

Proof. Ty is equal to .J, o (T;'), since for any ¢ € S'(R?), we have

(Fa(Lg ")) (@) = Ja(@Ty") = (85" (ea)aeng = (9(ha))aeng-

As shown, each of these functions are TVS-isomorphisms. O

4.3.1 Dual Characterization of Polynomial Growth

To conclude this chapter, we prove that certain sequences spaces we have
introduced can be used to characterize other sequence spaces’ polynomial
growth.

Theorem 4.3.7.

S (NG) = {z € ZNG) : Yw € L4 (NG) , ||zl < oo}
Recall our previous notation: ||z, denotes the sum > aeNg We|Ta|

Likewise, for . (Ng), we have
S'(INd) = {z € F(NY) : Vw e Yﬁi(Ng) y|z]lw < oo}

Proof. This can be reduced immediately to the case d = 1 by use of the
maps pg and Ag. Recall that pg is a bijection between .7, (N&) and .7, (No)
which grows at most polynomially. The inclusion of the left-hand side in the
right-hand side is also immediate from the proof of Theorem 4.3.5. Thus,
we need to show that if a non-negative sequence v € 5”67 4 is such that
Ym0 Wntn < oo for all w € ., then v € ..

éuppose to the contrary that v ¢ /. We proceed by a diagonal-type
argument to derive a contradiction. By induction, we construct an increasing
sequence

0<ng<n <na <...

such that vy, > (ng)* for all k. We do this as follows. Since v ¢ .#’, then in
particular v is not bounded. So there exists ng such that v,, > 1 = (ng)".
Now assume inductively that we have chosen 0 < n.... < ng. If there
did not exist nj4 1 such that vy < (n)* for all n > nyg, then we would have
v € ., a contradiction. So we choose a suitable ny1.
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Now, we define

(np)™F ifn =ny
Wp 1= o,
0 otherwise

then w = (wn)n>0 € S 4. We claim that w € ;. Indeed, for any ¢ > 0,
we have

sup(n)fw, = sup(nky(n,;k <1< 0.
n>0 k>0

Now, by definition of w, we have

anun = ank’/nk > Zl = 00,

n>0 k>0 k>0

since this last equality holds termwise. This is a contradiction, and so the
desired set-equality holds. O
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5

Infinite Dimensional
Multilinear Algebra

Apart from what the name suggests, one could also say that this lays down
the foundations for the Game of Centipedes for infinite dimensional vector
spaces.

The only reference which can be mentioned here are Volumes 3,4 of the
book by Schwartz (Distributions Vectorielles)

This is currently being further investigated by Anderson-Kashnev who
are working in the Topoligical Quantum Field Theory and recent works from
2014 are of interest.

5.1 Tensor Product of Test Function Spaces

Recall the following diagram which we had talked about earlier. We are
going to discuss the notion of tensor product of functions as indicated in the
diagram.

-‘ /
T\/sgﬂ?‘l) N % /

R

Loy SHSEN =8
LIL]J =] ‘lq’ Ul“')ﬂ, ‘
2

Theorem 5.1.1. The map S(R?) x S(R?) — S(R*™?), (f,9) — f®g, where

153
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(f@9)(z,y) == f(x)g9(y), is well-defined, bilinear, continuous and the span
of its image is dense.

Proof. First let < x,y > denote the bracketed norm where the x consists
of the first a coordinates and y, the last b coordinates. Clearly we have
1+ |z + |y|*> < (14 |2[?)(1 + |y|?) and hence we have the inequality
<z,y><<x><yY>.

o f®gis C™.

We have for o € N&, 3 € N§,

<,y >F 1000 [f(2)g(v)]] << @ >F<y >F |92 f(2)||0)g(y)|. Taking
supremum over x,%y, we have

I1f @ gll(a,p)6 < I fllakllgllsr < co. This shows well-definedness as well
as continuity.

e Density

We can use the following key property and density of the span of Hermite
functions to immediately conclude the required density.

hag(2,y) = ha(z)hs(y) and by definition hq g = ha ® hg. O

5.2 Nuclear Theorem 1 (NT 1)

Version 1:

Theorem 5.2.1. The map Koy : S'(R*?) — L5(S(R), S(R%);K) given by
¢ — ((f, g)— o(f® g)) is well defined and an isomorphism of K-vector
spaces. Here £o(X,Y;K) is the set of all bilinear forms from X xY — K.
Proof. We can reduce to sequence spaces, prove the theorem and then con-

clude about the isomorphism in the discussion. Consider the following dia-
gram.

§/(Na+ty Tt gr oty Kot o (gpa g(RE) K) Ted? o2, (S(NE, S(ND): K)

Let the composition be denoted as k, . Let us explicitly look at what
this map does.

Let 2 = (2a,8)aeng geny € S'(N&*). 2 is mapped to ¢ € S'(R*™):
V he SR, ¢(h) =Y ,5%a8 < hap h >L,. Now ¢ — B, a bilinear

form:

B(f,9) = o(f @)

= Zza,ﬁ < ha®h67f®g >Lo
a7ﬁ

Fuéim‘ Zza,g < ha,f > < hg,g >Lo
a7ﬁ
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Next B — 1 € S(N§) x S(N}): I(z,y) = BT, (x),T, ' (y)) where z =
(Ta)aeNz, y = (yﬁ)ﬁeNg' Note that we have,
< ha,I’;ix >r,= [I‘a(I‘gll (2)]a = Za,
< hg, Ty y >1,= [Do(Ty " ()]s = ys-
kq, . . -
Thus, z = ; l(z,y) = Z Za,8TaYy3- Hence z is the matrix of the bilinear

a’/B
form I.

We want to show now that k, j is a vector space isomorphism.

Injectivity follows from [l(eq, eg) = 24.8.

¢(f ®g) is continuous implies K,y is well-defined, so kqp is well-defined.

Surjectivity: Suppose we have a continuous bilinear form [. Let z, g :=
l(eq,ep). Now [ continuous implies there exist p,, pp continuous semi-norms
on S(Ng,N%) such that V x,y, |l(z,y) < pa(z)ps(y). Now we have the
following chain of inequalities, || - ||oc,0 < || * [|oo,1 < -+ .

Thus 3C > 0,3n € N,V € S(N2),Vy € SNS, I(x,y)| < C||2||sonl|¥]]con-

Take x = eq,y = €g. S0, |2a,8] < Clleallsonll€s!|oon-

llealloon = sup < o' >"=< a >". Thus we have

o’eNG

Va,B, |zapgl <C < a>"< B >"<C < af > (since < a, >=
VIF[aZ+ B2 > Vi+]a]?) = 2z € S'(NI™). Note by construction,
kap(z) = L. O

5.3 Tensor Product of Distributions

Theorem 5.3.1. Let o(x) € S,(R*), ¢(y) € 8, (R®). Then there exists a
unique T(z,y) € 8}, ,(R™?) such that for any f(x) € 8:(R%), g(y) € 8y(R)

(T(z,y), f(@)g(W))zy = (), f(2))2((y) s 9(y))y- (5.1)

Proof. The map (f,g) — ¢(f)1(g) continuous and bilinear. By the Nuclear
Theorem (Theorem [5.2.1)), there exists a unique map 7T such that T(f®g) =
©(f)¥(g). This gives the desired result. O

The following theorem is “Fubini’s theorem for distributions".
Theorem 5.3.2. For any () € 8,(R*), ¥(y) € 8,(R"), h(x,y) € 8y (R*T),

<(90 ® W(xw) ’ h(x7y)>z,y = <<,O(IL‘) ’ W(y) ’ h(x7y)>y>$

= (¥(y), (p(x), Mz,9))z)y- )
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