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9Chapitre IThéorie constructive etrenormalisation perturbative: uneintroductionLa théorie des champs est, si l'on veut la dé�nir dans sa plus vaste généralité,l'étude de modèles quantiques avec une in�nité de degrés de liberté. Typiquement,l'objet que l'on quanti�e est un champ (�(x))x2IRd. Pour chaque position x, �(x)est une observable quantique décrite par un opérateur non borné sur l'espace deHilbert H des états. Cependant, on ne peut réaliser naïvement le champ quanti�écomme une fonction x 7! �(x) à valeurs opératorielles car des quantités telles que<  j�(x)2j > sont singulières. On doit plutôt considérer le champ comme unedistribution en x à valeurs dans les opérateurs non bornés dans H. On ne peutainsi calculer véritablement que des quantités du type R �(x)f(x)dx où f est unefonction d'essai f 2 D(IRd). Ceci, d'ailleurs, est conforme à l'intuition physiquede l'impossibilité de mesurer le champ en un point donné, à cause du principed'incertitude de Heisenberg, d'après les arguments de Bohr et Rosenfeld [BR1, BR2].Le premier cadre axiomatique rigoureux dans lequel fut formulée la théorie deschamps est dû à Gårding et Wightman [GW1, GW2, W]. Grâce à leur théorème dereconstruction, il su�t pour dé�nir l'espaceH des états, la distribution opératorielle�(x) et une représentation associée du groupe de Poincaré, de se donner un jeu dedistributions Wn(x1; : : : ; xn) sur IR4n véri�ant les axiomes suivants.(W0) Propriété de distribution:W0 = 1 et pour tout n � 1, Wn(x) est une distribution dans S 0(IR4n). On utilisela notation x = (x1; : : : ; xn) 2 IR4n, xi = (x0i ; ~xi) 2 IR4. IR4 est l'espace-tempshabituel muni de la métrique de Minkowski de signature (1;�1;�1;�1). x0i est lavariable de temps, ~xi est la variable d'espace.



10 INTRODUCTION(W1) Covariance relativiste:Pour tout n, Wn est invariante par le groupe de Poincaré propre P"+, c'est-à-direpour tout (a;�) 2 P"+, Wn(x) = Wn(�x+ a) (I.1)où �x+ a def= (�x1 + a; : : : ;�xn + a).(W2) Positivité:Pour toute suite �nie f0; f1; : : : ; fN de fonctions d'essai, f0 2 C , fn 2 S(IR4n),n = 1; : : : ; N , on a NXn;m=0Wn+m(f�n 
 fm) � 0 (I.2)où (fn 
 fm)(x; y) def= fn(x):fm(y) et f�n(x1; x2; : : : ; xn) def= fn(xn; xn�1; : : : ; x1).(W3) Localité:Pour tout n et tout k = 1; : : : ; n� 1Wn(x1; : : : ; xk; xk+1; : : : ; xn) = Wn(x1; : : : ; xk+1; xk; : : : ; xn) (I.3)pourvu que xk � xk+1 soit de genre espace, c'est-à-dire (xk � xk+1)2 < 0.(W4) Indépendance asymptotique des amas:Pour tout vecteur a de genre espace, tout k = 1; : : : ; n � 1, et tout (x; y) 2IR4k � IR4(n�k) lims!+1Wn(x; y + sa) = Wk(x):Wn�k(y) : (I.4)(W5) Condition spectrale:L'invariance par translation de Wn, entraîne qu'il existe une distribution wn�1 2S 0(IR4(n�1)) telle que Wn(x) = wn�1(�), où � = (�1; : : : ; �n�1) avec �k = xk+1�xk. Si~wn�1 def= (2�)�4(n�1) Z d4(n�1)� exp � n�1Xk=1 qk:�k!wn�1(�) (I.5)désigne la transformée de Fourier de wn�1, le présent axiome impose la conditionsupp( ~wn�1) � V n�1+ def= fqjqi 2 V +; i = 1; : : : ; n� 1g : (I.6)V + désigne ici le cône fermé du futur, c'est-à-dire V + def= fx 2 IR4jx0 � 0; x:x � 0g.Les identités précédentes sur les Wn sont, bien sûr, à interpréter au sens desdistributions. Les fonctions Wn correspondent aux valeurs moyennes par rapport auvide 
 de produits d'opérateurs de champsWn(x1; : : : ; xn) =< 
j�(x1) : : : �(xn)j
 > : (I.7)



INTRODUCTION 11Ces axiomes fournissent les conditions nécessaires minimales pour une théorie deschamps raisonnable. Encore faut-il montrer qu'un tel modèle existe. Jusqu'au débutdes années soixante-dix, les seuls exemples de théories véri�ant ces axiomes corres-pondaient à des hamiltoniens quadratiques, c'est-à-dire, des modèles sans interac-tion présentant peu d'intérêt pour la physique. L'objet de la théorie constructive deschamps est de montrer l'existence mathématique de modèles non triviaux véri�antles axiomes précédents. Bien qu'il soit possible, par des méthodes hamiltoniennes,de construire de tels modèles dans l'espace de Minkowski dans le cas des théoriesP (�) à deux dimensions et �4 à trois dimensions [GJ1, GJ2, GJ3, GJ4], le véritableessor de la théorie constructive était dû à l'introduction des méthodes euclidiennes[Sy1, Sy2]. L'idée est de continuer analytiquement les coordonnées de temps versl'axe imaginaire, opération appelée rotation de Wick. Il existe plusieurs formula-tions axiomatiques d'une théorie des champs euclidienne qui permettent de revenirau cadre minkowskien et de construire un jeu de fonctions de Wightman satisfaisantaux axiomes W0-W5. La plus ancienne est due à Nelson et fait appel à des champsaléatoires markoviens sur IR4 euclidien [N1, N2, N3, N4]. Il existe aussi une formu-lation due à Frohlich qui n'est pas optimale mais qui est plus facile à véri�er sur unmodèle donné [F, Si]. En�n, les axiomes euclidiens les plus populaires, permettantde retrouver ceux de Wightman, sont dus à Osterwalder et Schrader [OS1, OS2]. Ilspeuvent s'énoncer en termes de fonctions de Schwinger Sn(x1; : : : ; xn) qui sont lescontinuées analytiques des fonctions de Green de la théorie considérée, c'est-à-diredes fonctions Gn(x1; : : : ; xn) def=< 
jT (�(x1) : : : �(xn))j
 > (I.8)où T désigne le T -produit habituel où l'on range les champs de droite à gauche parordre croissant de la composante de temps x0i .Ici encore, les fonctions de Schwinger Sn sont des distributions et les axiomes àvéri�er sont les suivants.(OS0) Propriété de distribution et régularité:S0 = 1, Sn 2 S 0(IR4n), il existe une semi-norme j:j sur S(IR4), et trois constantesa; b; c 2 IR�+, telles que pour tout n et toutes fonctions d'essai f1; : : : ; fn dans S(IR4),jSn(f1 
 � � � 
 fn)j � a:bn:(n!)c: nYi=1 jfij : (I.9)(OS1) Invariance euclidienne:Sn(Ex1; : : :Exn) = Sn(x1; : : : ; xn) (I.10)pour toute transformation E composée d'une rotation et d'une translation sur IR4.



12 INTRODUCTION(OS2) Positivité par re�exion:nXi;j=0(�f�i 
 fj) � 0 (I.11)pour toutes fonctions d'essai f0; : : : ; fn, f0 2 C , fi 2 Si;+(IR4i), où Si;+(IR4i) estl'ensemble des fonctions d'essai f 2 S(IR4i) telles que f(x1; : : : ; xi) = 0 à moins que0 < x01 < � � � < x0i et telles qu'elles s'annulent ainsi que leurs dérivées si xk = xlpour 1 � k < l � i. �f désigne la fonction �f(x1; : : : ; �xi) def= f(�x1; : : : ; �xi) où pardé�nition �(x0; ~x) def= (�x0; ~x) pour tout (x0; ~x) 2 IR4.(OS3) Symétrie: Sn(x�(1); : : : ; x�(n)) = Sn(x1; : : : ; xn) (I.12)pour toute permutation � de f1; : : : ; ng.(OS4) Indépendance asymptotique des amas:Pour tout vecteur a 6= 0 de IR4, tout k = 1; : : : ; n � 1, et tout (x; y) 2 IR4k �IR4(n�k) lims!+1 Sn(x; y + sa) = Sk(x):Sn�k(y) : (I.13)Ces propriétés sont encore à prendre au sens des distributions. Les axiomesd'Osterwalder-Schrader ne sont pas strictement équivalents à ceux de Wightman.Le problème de l'équivalence n'a été résolu que très récemment par Zinoviev enintroduisant une petite modi�cation aux axiomes OS0-OS5 [Zin].L'approche euclidienne, non seulement, facilite la construction de nouveaux mo-dèles, mais établit un pont conceptuel avec la physique statistique. En e�et, dansle cas de la théorie �4 par exemple, les fonctions de Schwinger s'écrivent, au moinsformellement, comme les momentsSn(x1; : : : ; xn) =< �(x1) : : : �(xn) >def= Z �(x1) : : : �(xn)d�(�) (I.14)d'une mesure de probabilité d� sur un champ aléatoire scalaire � : IR4 ! IR, obtenuepar perturbation d'une mesure gaussienned�(�) def= 1Z exp�� g4! Z �4 � m22 Z �2 � a2 Z (@�)2�D� : (I.15)D� désigne le produit formelQx2IR4 d�(x) des mesures de Lebesgue en chaque pointde IR4. Exception faite des théories exactement résolubles telles que les théoriesconformes à deux dimensions, le seul moyen que l'on connaisse, pour construire un



INTRODUCTION 13jeu de fonctions de Schwinger satisfaisant aux axiomes d'Osterwalder-Schrader demanière non triviale, est de partir des équations formelles (I.15) et (I.14) et d'essayerde leur donner un sens mathématiquement rigoureux. Grâce à la théorie des pro-cessus stochastique gaussiens généralisés, développée par Minlos, Gelfand, Vilenkinet Hida, on sait construire d� lorsque g = 0, c'est-à-dire, la mesure gaussienne [M,GV, Hi1, Hi2, E, GJ5]. En e�et, on dispose du théorème suivant:Théorème de Bochner-MinlosEtant donné une fonction c : S(IR4)! C telle que(i) c est continue pour la topologie de S(IR4),(ii) pour tout n � 1, tous nombres complexes z1; : : : ; zn et toutes fonctions d'essaif1; : : : ; fn dans S(IR4) nXi;j=1 zizjc(fi � fj) 2 IR+ ; (I.16)(iii) c(0) = 1,il existe une unique mesure de probabilité d� sur S 0(IR4) muni de la tribu cylin-drique telle que c soit la fonction caractéristique de d�, c'est-à-dire:8f 2 S(IR4); c(f) = Z ei<�;f>d�(�) : (I.17)La tribu cylindrique est celle engendrée par les ensemblesf� 2 S 0(IR4)j�(f1) 2 B1; : : : ; �(fn) 2 Bng (I.18)où f1; : : : ; fn sont des éléments de S(IR4) et B1; : : : ; Bn sont des boréliens de IR. Lethéorème de Bochner-Minlos est valable plus généralement lorsque l'on prend à laplace de S(IR4) un espace nucléaire E, c'est-à-dire, une intersection dénombrabled'espaces de Hilbert emboîtés par des inclusions à trace. On peut, alors, construireune mesure de probabilité sur le dual topologique E�. Dans [AR2], l'espace nucléaireutilisé est S(IR4), tandis que dans [A], c'est l'espace des fonctions indé�niment déri-vables avec conditions aux bords périodiques dans une boîte �. Notons, au passage,que l'espace D(IR4) n'est pas un espace nucléaire au sens restreint précédent, maisune limite inductive de tels espaces. On peut aussi construire des mesures gaus-siennes analogues sur son dual.Il su�t pour construire la mesure gaussienne dans (I.15), de poserc(f) def= e� 12B(f;f) (I.19)où B(f; g) est la forme bilinéaire continue sur S(IR4) dé�nie parB(f; g) def=< f; (��+m2)�1g > : (I.20)



14 INTRODUCTION< :; : > ici désigne le produit scalaire L2, et � est le laplacien ordinaire sur IR4 munide la métrique euclidienne.Cependant, la mesure d� ainsi construite, lorsqu'on est à quatre dimensions,est supportée sur des champs � qui sont des distributions singulières. Ajouter lefacteur exp(� g4! R �4) n'a donc pas de sens dans (I.15), car �(x)4 n'est pas unequantité bien dé�nie. Il est donc nécessaire de régulariser la théorie. Une façon deprocéder est de se placer sur un réseau de maille � > 0. Une autre, celle utiliséedans [AR2] et [A], est de tronquer la forme bilinéaire B en moment. En e�et, B estla forme bilinéaire associée à l'opérateur de covariance C dont le noyau est donnépar C(x; y) = C(x� y), avec en transformée de Fourier~C(p) = 1(2�)4 � 1p2 +m2 : (I.21)Introduire une tronquature en moment revient à remplacer ~C par exemple par~C�(p) = 1(2�)4 � e��(p2+m2)p2 +m2 : (I.22)Une autre régularisation utile est de con�ner l'interaction �4 à un volume �ni �.Ces précautions étant prises, (I.15) dé�nit de façon mathématiquement rigoureuse,une mesure sur S 0(IR4). En e�et, la mesure gaussienne est supportée sur des fonctionsindé�niment dérivables. Le problème est maintenant d'étudier la limite de la mesurerégularisée d��;� lorsque � % IR4 et � ! 0. C'est une question hautement nontriviale qu'il faut d'abord étudier à la lumière de la théorie des perturbations.Lorsqu'on développe naïvement les fonctions de Schwinger en perturbation parrapport à g, les termes du développement obtenu sont sommes d'un nombre �nid'intégrales de dimension �nie représentées par des diagrammes de Feynman. Lors-qu'on prend la limite � ! 0, ces intégrales divergent. Il apparait donc que l'on nepeut construire, en général, la limite des mesures régularisées d�� en gardant lesparamètres g, m2 et a �xés.La théorie de la renormalisation perturbative permet de trouver la bonne façonde faire varier ces paramètres en fonction de � pour obtenir une limite de d��,du moins au niveau des séries formelles en g. Oublions, pour l'instant, la limite� % IR4 et écrivons les paramètres dans (I.15) comme séries formelles dans unenouvelle constante de couplage gr:g = gr +Xn�2 gnr cn(�) (I.23)m2 = m2r +Xn�1 gnr dn(�) (I.24)



INTRODUCTION 15a = ar +Xn�1 gnr en(�) : (I.25)Les coe�cients de ces séries formelles sont obtenus en résolvant le système suivantde conditions de renormalisation:~ST4 (0; 0; 0; 0) = �gr (I.26)~ST2 (p2 = 0) = 1m2r (I.27)ddp2 ~ST2 (p2)jp2=0 = � arm4r : (I.28)~STn désigne la transformée de Fourier de la fonction de corrélation connexe ou tron-quée STn obtenue à partir de Sn par la dé�nition inductive suivante:- ST1 = S1- pour n � 2, STn (x1; : : : ; xn) =X� YI2� ST#(I)(xI) : (I.29)La somme sur � est sur toutes les partitions de f1; : : : ; ng et si X = fi1; : : : ; ipg,ST#(I)(xI) def= STp (xi1; : : : ; x1p). Le miracle de la renormalisation est le fait qu'après lechoix arbitraire fait en (I.26), (I.27) et (I.28) concernant les fonctions de Schwingerà deux et quatre points, pour toute fonction de Schwinger d'ordre quelconque ex-primée comme série formelle en gr, les coe�cients de cette série ont une limite �nielorsque �! 0. Les idées fondatrices de cette méthode sont dues à Dyson, Feynman,Schwinger et Tomonaga, au lendemain de la deuxième guerre mondiale, mais lapreuve rigoureuse de ce résultat a occupé les physiciens mathématiciens pendantplus d'un quart de siècle [BP, He1, He2, Zim, BL].Lorsqu'on calcule la fonction de corrélation connexe en transformation de Fourier~STN (p1; : : : ; pN) comme série formelle en gr, le coe�cient de gnr est la somme d'ampli-tudes ARG(p1; : : : ; pn) sur tous les graphes connexes G ayant deux types de sommets:les pattes externes numérotées de 1 à N avec coordinance 1, et n sommets internesde coordinance 4. L'amplitude renormalisée est donnée explicitement, après passageà la limite �! 0, par la formule de forêt de Zimmermann [Zim]:ARG(p1; : : : ; pn) = Z Yl2G d4pl(2�)4R(Yl2G 1p2l +m2 Y�2G(2�)4�(4)(Xl ��;lpl)) : (I.30)l désigne génériquement une ligne du graphe et � un sommet. (��;l) est la matriced'incidence dé�nissant le graphe G avec un choix d'orientation des lignes. ��;l 2f�1; 0; 1g. Pour une ligne l donnée, il existe un � tel que ��;l = 1, un autre �0



16 INTRODUCTION
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Figure 1avec ��0;l = �1 et tous les autres ��00;l sont nuls. R est un opérateur agissant surl'intégrand entre accolades, dé�ni parR def= XF Yg2F(��g) (I.31)où la somme sur F est sur toutes les forêts de sous-graphes super�ciellement di-vergents de G, c'est-à-dire, les ensembles de sous-graphes à supports disjoints ouemboîtés faits de sous-graphes à deux ou quatre lignes externes. �g est un opérateurdé�ni comme suit. Soit g(x1; : : : ; xe) l'amplitude correspondant au sous-graphe g, satransformée de Fourier s'écrit (2�)4�(4)(k1+� � �+ke)ĝ(k1; : : : ; ke). �gg est l'amplitudeobtenue en remplaçant ĝ par son développement de Taylor au voisinage de 0D(g)Xj=0 1j! djdtj ĝ(tk1; : : : ; tke)jt=0 (I.32)où D(g) est le degré de divergence super�ciel de g. En dimension quelconque dD(g) def= d�#(boucles de G) � 2 �#(lignes internes de G) (I.33)et à quatre dimensions D(g) = N(g) � 4 (I.34)où N(g) est le nombre de lignes externes de g. L'opérateur �g, comme on peut levoir dans l'espace des x, correspond à mettre les variables de position des fonctionsd'essai convolées avec l'amplitude de g, au même point. �g est ainsi appelé l'opérateurde partie locale de g. Le théorème BPHZ a�rme alors que l'intégrale dans (I.30) estconvergente.Une des di�cultés majeures de la preuve de ce théorème est due à la possibleprésence dans G de sous-diagrammes divergents s'intersectant non trivialement, par



INTRODUCTION 17exemple g1 et g2 dans la �gure 1. Pour résoudre cette di�culté, il est nécessairede découper l'intégrale sur les moments selon l'ordre relatif des jplj ( en fait, c'estplutôt celui des variables duales �l dans la représentation paramétrique). Un teldomaine d'intégration s'appelle un secteur de Hepp. Une autre implémentation decette idée, où l'on voit poindre celle de groupe de renormalisation, est de décomposerle propagateur comme somme de propagateurs d'échelles di�érentes en progressiongéométrique. Par exemple, on prend � =M�2� avec � entier et on écrit:C�(x; y) = 1(2�)4 Z d4p eip(x�y) e��(p2+m2)p2 +m2 (I.35)= 1(4�)2 Z +1� d��2 exp���m2 � jx� yj4� � (I.36)= �Xi=0 C i(x; y) (I.37)avec C0(x; y) def= 1(4�)2 Z +11 d��2 exp���m2 � jx� yj4� � (I.38)et, pour i � 1C i(x; y) def= 1(4�)2 Z M�2(i�1)M�2i d��2 exp���m2 � jx� yj4� � : (I.39)Les moments p contribuent à la transformée de Fourier du propagateur C i sonttypiquement d'ordre de grandeur jpj � M i. Par ailleurs, il existe des constantes Ket � telles qu'uniformément en i, x et yjC i(x; y)j � KM2i exp(��M ijx� yj) : (I.40)En utilisant cette décomposition, on peut montrer des résultats plus forts que lethéorème BPHZ [dCR, FMRS1, FMRS2, R1]:Théorème de Weinberg uniforme:L'amplitude d'un graphe sans sous-graphes divergents est bornée par (Cst)n, oùn est le nombre de sommets.Théorème BPHZ uniforme:L'amplitude renormalisée d'un graphe de Feynman est bornée par (Cst)n:n!.Pour aller plus loin, c'est-à-dire, construire les distributions Sn satisfaisant lesaxiomes d'Osterwalder-Schrader, on doit trouver un moyen de resommer la série desperturbations. Un simple coup d'÷il à (I.15) su�t à se convaincre qu'il est sansespoir de chercher un rayon d'analyticité en g autour de zéro, pour la série desperturbations, même en présence des régularisations, pour des théories bosoniques.



18 INTRODUCTIONAu vu du théorème de Weinberg uniforme, la série des perturbations semble divergernon pas à cause de la taille des amplitudes des graphes mais plutôt à cause de laprolifération combinatoire de tels graphes.En e�et, pour le terme en gn d'une fonction à N points, la somme sur lesgraphes est due à l'application du théorème de Wick pour intégrer gaussienne-ment un monôme dans les champs. On a, alors, à sommer sur les appariementsdeux à deux des N + 4n champs présents. On a donc un facteur (N + 4n � 1)!! def=(N+4n�1)(N+4n�3) : : :5:3:1. La situation a l'air encore plus grave pour la théo-rie renormalisée après retrait des régularisations, car la borne sur un graphe seul estd'ordre (Cst)n:n!. En fait, cette dernière factorielle est un artefact de la procédurede renormalisation adoptée précédemment. On soustrait à un sous-graphe divergentsa partie locale quel que soit l'ordre de grandeur des moments de ses lignes internespar rapport à ceux des lignes externes. En fait, il su�t pour guérir la divergencedes diagrammes de faire cette soustraction uniquement lorsque les lignes internessont de haut moment par rapport aux lignes externes. Les soustractions supplémen-taires inutiles de (I.30) sont en fait responsables de la mauvaise borne en n! dansle théorème de BPHZ uniforme. Il existe une méthode de renormalisation pertur-bative qui pallie à cet inconvénient, c'est le développement avec des constantes decouplage e�ectives. C'est une version non perturbative de ce type de procédure derenormalisation qui fut utilisée avec succès dans [FMRS3] et que j'ai améliorée dansmon dernier article [A].



19Chapitre IIDéveloppements en amas à unetrancheSi la théorie des perturbations diverge c'est, d'une part, parce qu'elle ne considèrepas les bons degrés de liberté et, d'autre part, développe les couplages entre euxde façon redondante. En e�et, si d�i est la mesure gaussienne correspondant aupropagateur C i de (I.38) et (I.39) et si Di est un découpage de IR4 en boîtes � detaille M�i, on a la borne suivante (redémontrée dans [AR2])La borne gaussienne:����Z d�i(�i)�i(x1) : : : �i(xn)���� �  nYk=1K:M i!� Y�2Dipn(�)! (II.1)où K est une constante, et pour tout � 2 Di, n(�) compte le nombre de pointsparmi x1; : : : ; xn qui appartiennent à la boîte �.On voit donc que si factorielle il y a, du fait de la somme combinatoire sur lesgraphes, ce n'est pas une factorielle globale pn! comme on pourrait s'y attendre,mais un produit de factorielles locales par boîte du réseau. Le danger c'est de déve-lopper trop de champs au même endroit. On voit ainsi que les bons degrés de libertéà considérer sont non pas les valeurs du champ total �(x) vues indépendamment,mais pour chaque i et � 2 Di la restriction de �i à �. En e�et, le champ � est rem-placé parP�i=0 �i, somme de champs gaussiens indépendants avec propagateurs C i,0 � i � �. Ce découpage en degrés de liberté élémentaires est en fait plus conformeaux canons de la physique quantique que l'omniprésente théorie des perturbations.L'ensemble des valeurs de �i(x) pour x 2 �, avec � une boîte donnée de Di, estune quantité qu'il ne faut surtout pas sonder en détail à cause du principe d'incer-titude. En e�et, �i �uctue à des échelles de moment d'ordre M i tandis que � a uneextension spatiale M�i. Cette analyse �ne du contenu du champ brut � s'apparenteà l'analyse microlocale, c'est-à-dire, à la fois en position et en fréquence. Une façon



20 CHAPITRE II. DÉVELOPPEMENTS EN AMAS À UNE TRANCHEpossible de faire la même chose est de décomposer � sur une base d'ondelettes [BaF].Une fois les bons degrés de liberté identi�és, on voit qu'aussi bien la limite� % IR4 que celle � ! 0 se conçoivent comme une exhaustion par paquets �nis del'ensemble dénombrable de ces degrés de liberté.C'est une opération de limite thermodynamique, d'où l'apparition dans un con-texte de théorie des champs de méthodes de développement en amas et de Mayerprovenant de la mécanique statistique. Prenons le cas d'un modèle à une tranche,c'est-à-dire, avec troncature ultraviolette donnée par � et infrarouge donnée par lamasse m, sur le propagateur C� de la mesure gaussienne. Le développement en amaspermet, par exemple, d'exprimer la fonction de partitionZ(�) def= Z d�C�(�) exp�� g4! Z� �4� (II.2)sous forme commode pour étudier la limite thermodynamique �% IR4:Z(�) =X� YY 2�A(Y ) : (II.3)Ici � est sommée sur les partitions de l'ensemble des boîtes � dans � d'un réseau�xé D de boîtes de côté unité. Un élément Y de � est un ensemble �ni de boîtesappelé polymère. A(Y ) est un nombre associé à Y appelé l'activité ou l'amplitudedu polymère. L'équation (II.3) s'obtient par un développement de Taylor avec resteintégral des couplages, ici dus à la covariance C�(x; y) entre les di�érentes boîtes duréseau. On cherche à exprimer les amplitudes A(Y ) par des sommes sur des arbresreliant les boîtes de Y , avec pour chaque lien f�;�0g d'un tel arbre, un propagateurexplicite entre les deux boîtes � et �0. La décroissance exponentielle de C�(x; y) faitque A(Y ) possède une décroissance en arbre, et devient très petit lorsque Y s'étale.D'autre part, en prenant g su�samment petit on recupère un facteur u(g)#(Y ) (oùu(g)! 0 si g ! 0), qui pénalise les grands polymères.Si A0 est l'amplitude d'un polymère fait d'un seul cube, on a à partir de (II.3)Z(�) = A#(�)0 Xn�0 1n! XY1 ;:::;Yn��Yi disjoints#(Yi)�2 ~A(Y1) : : : ~A(Yn) (II.4)avec ~A(Y ) def= A�#(Y )0 A(Y ). Le développement de Mayer permet alors de calculer lelogarithme de Z(�) sous la formelogZ(�) = #(�): logA0 +Xn�1 1n! XY1;:::;Yn��#(Yi)�2 ~A(Y1) : : : ~A(Yn) T (Y1; : : : ; Yn) (II.5)



21où  T (Y1; : : : ; Yn) est un coe�cient combinatoire. Si  (Y1; : : : ; Yn) est la fonctionvalant 1 si les Yi sont disjoints et 0 sinon,  T est la fonction connexe obtenue àpartir de  de la même façon que nous avons obtenu STn à partir de Sn dans (I.29).Une limite intéressante, dans le cas du modèle à une tranche, est une quantitéintensive : la pression p def= lim�%IR4� logZ(�)#(�) : (II.6)On peut, maintenant, l'écrirep = � logA0 �Xn�1 1n! XY1;:::;Yn��#(Yi)�2�02[Yi ~A(Y1) : : : ~A(Yn) T (Y1; : : : ; Yn) (II.7)où �0 est une boîte �xée de D et les polymères Yi ne sont plus restreints à un volume�. On peut démontrer que la série donnant p converge normalement lorsque � %IR4 et donc montre rigoureusement l'existence de la limite (II.6). Les ingrédientsessentiels sont la propriété de décroissance en arbre deA(Y ), ainsi que le petit facteurpar cube de Y , et en�n que j T (Y1; : : : ; Yn)j est borné par le nombre d'arbres surf1; : : : ; ng dont les liens fi; jg sont tels que Yi \Yj 6= ;. Le dernier résultat s'appellele théorème de Rota [Ro].Les développements en amas donnant (II.3) sont d'un formalisme assez lourdd'où l'intérêt de les a�ner et de les simpli�er. Les premiers développements dusà Glimm, Ja�e et Spencer [GJS] utilisaient une représentation des propagateurs àl'aide de chemins de Wiener et produisaient des polymères Y sans trous, c'est-à-dire,faits de cubes collés les uns aux autres. Une amélioration décisive a été apportée parBrydges, Battle et Fedrebush [BaF, Bat, B1, BrF], avec des formules plus explicitespour les A(Y ), et des polymères admettant la possibilité de trous, c'est-à-dire, pou-vant sauter d'un cube à un autre qui ne lui est pas adjacent. Cependant, la formule laplus agréable à manier, pour des théories bosoniques, est due à Brydges et Kennedy[BK,B2]. C'est la formule II.1 de [AR1] (annexe de ce chapitre). Dans [AR1] nous ap-portons une preuve entièrement algébrique de cette formule démontrée par Brydgeset Kennedy comme sous-produit d'une équation de Hamilton-Jacobi quelque peumiraculeuse. Par ailleurs, nous en apportons une généralisation appelée formule dejungle ([AR1], formule IV.1) dans le cas où plusieurs développements en amas sontsuperposés avec di�erents types de liens et règle de priorité. Ces formules de junglesont utiles lorsqu'il faut faire dans un modèle à une tranche un développement préa-lable de grand/petit champ comme dans [KMR]. Les formules de jungle permettentaussi d'écrire les deux étapes (II.3) et (II.5) en une seule avec une somme sur un seularbre fait de deux types de liens: des liens de propagateurs et des liens de Mayer ren-dant compte d'une intersection Yi\Yj 6= ; entre polymères ([AR1], formule V.C.19).



22 CHAPITRE II. DÉVELOPPEMENTS EN AMAS À UNE TRANCHENéanmoins le but initial des formules de jungle qui était de les utiliser pour écrirede façon explicite des développements multi-tranches (pour étudier la limite �! 0)a été abandonné.Par ailleurs, nous introduisons dans [AR1] une formule, totalement nouvelle, deforêt avec racine a�n d'exprimer comme somme sur des arbres avec racine, aussi bienles amplitudes A(Y ) que les coe�cients  T (Y1; : : : ; Yn), redémontrant au passage lethéorème de Rota. Néanmoins, cette formule ne préserve pas la positivité de la co-variance C� interpolée. La formule ne s'applique donc pas aux théories bosoniques.Par contre, dans le cas de théories fermioniques, c'est la formule la plus optimalepour montrer des bornes sur la série des perturbations comme par exemple l'exis-tence d'un rayon d'analyticité non nul en présence de régularisations. Rappelonsque l'intégrale fermionique d'un monôme  (x1) : : :  (xn) (y1) : : :  (yn) s'exprime àl'aide d'un déterminant det(C(xi; yj) 1�i�n1�j�n ) où C est le propagateur fermionique.L'argument essentiel [IM1] est le principe de Pauli, qui se manifeste par l'annulationdu déterminant si xi = xj car il y a deux lignes identiques par exemple. Le typed'interpolation utilisé dans ([AR1], formule II.3) et modi�ant le déterminant précé-dent conserve la propriété précitée. Ce n'est pas le cas de la formule de Brydges etKennedy ou de l'approche de [FKLT] conduisant à faire de fastidieuses intégrationspar parties de certains champs.



55Chapitre IIIDéveloppements dans l'espace desphasesPour étudier en plus de la limite � % IR4, la limite � ! 0, le développementen amas du Chapitre II n'est pas su�sant. Il faut découper le champ � sous laforme P�i=0 �i comme indiqué précédemment et écrire Z(�), par exemple, sous laforme (II.3), les polymères Y étant cette fois dans l'espace des phases [GJ4, GK,FMRS3, MRS, Bal]. Celà signi�e que Y est un ensemble de boîtes � pouvant ap-partenir à des réseaux di�érents Di, i = 0; : : : ; � mais, néanmoins, contenues dansle volume �. Les boîtes correspondent aux bons degrés de liberté introduits au dé-but du Chapitre II. Il existe, alors, deux types de couplages entre boîtes de [Di:des couplages horizontaux dus aux propagateurs C i entre deux boîtes de la mêmeéchelle i, et des couplages verticaux entre quatre boîtes d'échelles di�érentes maislocalisées à la même position en espace, c'est-à-dire, d'intersection non vide. Lescouplages verticaux sont dus à l'interaction locale �4. Il s'agit encore d'obtenir unedécroissance en arbre pour les A(Y ), ainsi qu'un facteur petit par cube. La borne(I.40) montre que pour un terme R� �i1 : : : �i4 développé, avec i1 > � � � > i4, �d'échelle i1, on récupère un facteurM�4i1 de volume pour � et des facteurs d'échelleM i1 ; : : : ;M i4 pour les champs, correspondant à leur taille caractéristique imposéepar la mesure gaussienne. On a donc un facteur de décroissance verticale entre lesfréquences i1; : : : ; i4, qui est M�ji1�i2j:M�ji1�i3 j:M ji1�i4j. Néanmoins, pour arriver àborner la sommePY j�02Y jA(Y )j, il faut, lorsque l'on somme la position d'un petitcube d'échelle i dans un grand cube d'échelle j < i, posséder un facteurM�(4+�)ji�jjce qui n'est pas garanti pour tous les graphes du développement.Ceux qui posent problème sont les graphes, possédant des sous-graphes formésde cubes d'échelle plus haute que i donné, dont les lignes externes sont d'échelle plusbasse que i et sont au nombre de deux ou quatre. On retrouve ainsi les sous-graphesdivergents de l'analyse perturbative du Chapitre I.



56 CHAPITRE III. DÉVELOPPEMENTS DANS L'ESPACE DES PHASESDans [AR2] (annexe de ce chapitre) nous avons introduit une nouvelle méthodede développement dans l'espace des phases qui s'applique au modèle déjà di�ciledu problème infrarouge de �4 à quatre dimensions.Néanmoins, c'est une approche qui devrait fonctionner pour tous les modèlesrenormalisables asymptotiquement libres et même pour des modèles non renormali-sables avec un paramètre petit supplémentaire comme �4 infrarouge à trois dimen-sions avec un grand nombre de composantes.Dans [AR2] nous montrons une borne du typePY j�02Y jA(Y )jK#(Y ) < +1 pourtous les polymères faits de graphes exempts de sous-graphes divergents tels que ceuxmentionnés plus haut. C'est l'analogue constructif du théorème de Weinberg.Parmi les nouveautés de l'approche de [AR2], l'interpolation des couplages ho-rizontaux et verticaux est traitée de la même façon dans les deux cas grâce à uneformule linéaire. L'interpolation quartique des couplages verticaux dans [FMRS3,R1] rend di�cile l'obtention de formules explicites pour les A(Y ). Notre interpola-tion linéaire préserve aussi la positivité de la covariance et de l'interaction.Nous avons, aussi, introduit une décomposition de grand/petit champ, écriteainsi pour la première fois en détail dans un contexte multi-tranches dans [AR2].Ces deux di�érences avec [FMRS3, R1] font que, bien qu'inspiré des idées de cestravaux antérieurs, [AR2] n'en est pas une simple version rédigée de façon détaillée.La mise au point des bornes pour le nouveau développement était longue et très dé-licate. Il a fallu introduire plusieurs améliorations techniques pour la démonstrationdes bornes.D'abord, la Proposition 1 d'[AR2] fournit un critère quasi minimal pour sommersur la forme d'un polymère dans l'espace des phases, lorqu'il est restreint à conte-nir une boîte �0 �xée. En e�et, on peut très bien sommer des polymères Y avecdes trous dans la direction verticale, c'est-à-dire, couplant directement des cubes defréquences éloignées, contrairement à [FMRS3]. Ces polymères à trous sont e�ec-tivement engendrés par le nouveau développement. Cette disparité avec l'approcheclassique du groupe de renormalisation est plus marquée encore dans [A] (annexe duChapitre IV). En e�et, notre méthode est plus proche de l'ancienne renormalisationperturbative dans l'esprit de (I.30). Une amélioration par rapport à [FMRS3, R1,BDH2] est que l'on ne demande pas que le pas de groupe de renormalisationM soitgrand, ce qui est un prérequis surprenant et même contraire à l'idée physique demorceler le passage du microscopique au macroscopique en une succession d'étapesoù l'on gagne un facteur d'échelle borné à chaque fois.Nous introduisons aussi un lemme permettant de borner aisément les factorielleslocales du type (II.1). C'est le Lemme 17 de [AR2] de déplacement des factorielleslocales.Le Lemme 18 de [AR2] sert à payer à peu de frais (un facteur M��ji�jj au lieude M�(4+�)ji�jj) des sommes de petits cubes � dans un grand �, à condition que �soit restreint à un polymère Y déjà connu pour lequel on dispose d'un facteur petit



57par cube.En�n, dans le Lemme 19 d'[AR2] (idée de J. Magnen) on améliore [FMRS3] ence sens que la domination, c'est-à-dire, une borne de Hölder quartique, des @� estfaite uniquement avec le �4 de l'interaction et un terme de �uctuation en @@� quise comporte bien vis-à-vis des factorielles locales.



141Chapitre IVRenormalisation constructiveexpliciteLe dernier article de ma thèse [A] (annexe du Chapitre IV) est une suite à [AR2]où l'on traite le modèle �44 infrarouge complet, c'est-à-dire, y compris les graphesprésentant des sous-graphes divergents.Le type d'interpolation est le même que dans [AR2]; néanmoins, la nouveautéest surtout dans le développement de Mayer. Dans [FMRS3] aussi bien que [GK] ou[BDH2], on procède inductivement échelle par échelle et à chaque étape on fait unpas de développement en amas, ce qui fait apparaître des fonctions à deux et quatrepoints qu'il faut renormaliser. Cependant, ces fonctions baignent dans une mer depolymères du vide (sans pattes externes) et de fonctions convergentes (avec au moinssix pattes externes de basse fréquence). De plus, toutes ces fonctions ont entre ellesdes contraintes de non intersection ou de c÷ur dur. En d'autres termes, elles nesont pas factorisées. Pour résoudre ce problème et dé�nir les contre-termes, il fautintercaler un développement de Mayer à chaque étape. Cette procédure rend l'écri-ture d'une formule explicite pour la pression ou les fonctions de Schwinger, analoguede (I.30), extrêmement di�cile. Cet aspect a, sans doute, contribué à la réputationd'inaccessibilité de la théorie constructive, culminant dans l'étude rigoureuse desthéories de jauge [Bal, MRS]. Je propose dans [A] une approche qui simpli�e cetaspect (mais ne le trivialise pas pour autant) basée sur une seule application d'undéveloppement en amas et d'un développement de Mayer. On obtient, ainsi, uneformulation convergente de la pression considérablement plus explicite que celle de[FMRS3]. On résoud aussi l'itération d'un grand nombre de pas de renormalisationcontrairement à l'approche de [GK] et [BDH2] où l'accent est mis sur l'étude d'unpas uniquement. Dans [BDH2] par exemple, l'opération de groupe de renormalisa-tion agit sur des fonctions A(Y; �), des polymères et du champ de basse fréquence�, que l'on ne connaît pas explicitement. Il faut donc obtenir des bornes inductivespour toutes les fonctions de ce type dans une boule d'un espace de Banach bien



142 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEchoisi, et pas uniquement pour celles qui résultent e�ectivement du découpage de lathéorie. Ceci n'est pas le cas de [A] où l'on développe entièrement la théorie avantde borner globalement le développement obtenu.Terminons par une ébauche, sur le cas plus simple de la formule (II.5), de cettenouvelle approche du développement de Mayer. Soit Z donné par une formule dutype Z =Xn�0 1n! XY1;:::;Yndisjoints A(Y1) : : : A(Yn) : (IV.1)On appelle con�guration de Mayer toute suite M = (Y1; : : : ; Yn) de polymères. Onpose �(M) = n!, A(M) = A(Y1) : : : A(Yn). Pour calculer log Z on résoud dans lesvariables C(M) l'équation 1 = e�PM C(M):Z (IV.2)c'est-à-dire:1 =Xn�0 1n!Xr�0 1r! XY1;:::;Yn XM1;:::;Mr(�C(M1)) : : : (�C(Mr))A(Y1) : : : A(Yn) (IV.3)Les C(M) correspondent à des contre-termes du vide pour compenser les termesA(Yi).On recherche les solutions sous la formeC(M) =  (M)�(M)A(M) : (IV.4)Dans (IV.3) on peut, à partir de Y1; : : : ; Yn,M1; : : : ;Mr, construire par concaténa-tion la con�guration de MayerMbig def= (Y1; : : : ; Yn; Y 11 ; : : : ; Y 1m1; : : : ; Y r1 ; : : : ; Y rmr ) (IV.5)où Ms = (Y s1 ; : : : ; Y sms) pour s = 1; : : : ; r. On regroupe (IV.3) par valeurs de Mbiget on symétrise par rapport à l'ordre des polymères dans Mbig, puis on procède paridenti�cation. On obtient alors pour  la formule simple suivante (M) =XW YV 2W(� (M(M; V ))) : (IV.6)Ici,M = (Y1; : : : ; Yn),W est sommé sur les ensembles de parties propres et disjointesde f1; : : : ; ng, tels que si i 6= j sont dans le complémentaire de [V 2WV , alors Yi\Yj =;. Si V = fi1; : : : ; ikg, 1 � i1 < � � � < ik � n, M(M; V ) def= (Yi1 ; : : : ; Yin).On peut résoudre cette équation inductive immédiatement par (M) =XF (�1)#(F) (IV.7)
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Figure 2où F est sommée sur les forêts de parties propres de f1; : : : ; ng telles que si i 6= j etYi \ Yj 6= ;, alors il existe V 2 F tel que i 2 V et j =2 V ou inversement.Si l'on trace sur f1; : : : ; ng le graphe G des relations d'intersection Yi \ Yj 6= ;entre indices i; j, alors on voit qu'une forêt F est permise si tous les liens de G sontcoupés par F (�gure 2).On peut montrer facilement que  (M) est nul si G ne connecte pas f1; : : : ; ng,et donc que l'on peut se limiter dans (IV.7) à des forêts faites de paquets connexes.Il faut, cependant, montrer que les multiples compensations de signe dans (IV.7)permettent de réduire cette somme à une somme sur des arbres. C'est possible; ene�et, on peut sommer sur F en séparant deux cas.1er cas: Il existe un V maximal dans F contenant 1.Dans ce cas, V est une partie propre de f1; : : : ; ng. On peut donc considérer lescomposantes connexes du complémentaireX1; : : : ;X� à F . Comme on peut rajouterou enlever les ensembles X1; : : : ;X� à F sans contrainte, la somme du premier casest nulle. En e�et, X� est une partie propre de f1; : : : ; ng, X� ne dérange pas lastructure de forêt de F qui est faite de paquets connexes, et les liens sortant de X�vont vers V et sont déjà coupés par V lui-même (�gure 3).2ème cas: 1 n'est dans aucun V 2 F .Dans ce cas, si i1; : : : ; i� sont les voisins de 1 dans G, comme les liens f1; i�g 2 Gdoivent être coupés, chaque i� est nécessairement dans un V maximal. Le mêmeraisonnement que dans le premier cas montre que dans (IV.7) il ne reste que lesforêts où le complémentaire de l'union de f1g et des V maximaux est vide. On adonc typiquement la situation de la �gure 4 pour les parties maximales de F .
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145On voit ainsi pousser un arbre à partir de 1. La somme sur les forêts survivantesdans (IV.7) se ramène à une somme sur des arbres avec racine 1. Plusieurs choixd'arbres sont possibles pour une forêt survivante. C'est dû au choix, par exemplepour rattacher V1 à 1 dans la �gure 4, entre le lien f1; i1g et celui f1; i2g. Par contre,et c'est le point essentiel, à un arbre donné correspond au plus une forêt survivante.Elle s'obtient comme l'ensemble des branches de l'arbre lorsqu'on coupe tous lesliens en commençant par le racine et en progressant vers les feuilles.Dans [A], c'est une variation élaborée sur ce thème qui est utilisée. On a besoin,pour dé�nir une con�guration de Mayer M, de coder, non seulement, une suite depolymères, mais aussi une suite de liens �4, �2 ou (@�)2 entre ces polymères, ainsi quel'ensemble (appelé l'histoire de M) de toutes les opérations de renormalisation �ginternes à la con�guration. Dans [A], une con�guration de MayerM est l'analogue,dans la formule de Zimmermann (I.30), d'un graphe de Feynman muni d'une forêtde sous-graphes divergents F . Des coe�cients C(M) sont introduits comme précé-demment pour compenser les termes du vide (calcul de logarithme de la fonctionde partition), mais aussi pour faire disparaître les parties locales de sous-graphesdivergents (renormalisation).



146 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEExplicit constructive renormalization(Prépublication, Ecole Polytechnique)IV.1 IntroductionWhereas the perturbative renormalization has matured into a now well unders-tood theoretic framework, one cannot make such claim for constructive renormaliza-tion. In particular there is no analog of Zimmermann's forest formula which expressesin a simple and clear way the amplitude of a renormalized Feynman graph for allorders of perturbation theory, as a pathway to proving rigorously its �niteness whencut-o�s are removed. In one constructive approach, one de�nes a single renormali-zation group step on lattice potentials or polymer functions [GK, Bal, B1, B2, B3,BY, BDH1, BDH2, Por], and proves iterated bounds on these functions. However itdoes not seem easy in this way to solve the recursion consisting in applying a greatnumber of times the renormalization group operation.Our method treats in a single step all these iterations, it bears thus more re-semblance to the spirit of the older perturbation theory. We expand our theory intoa series of pieces alternating in sign, and we match divergent graphs with theircounter-terms, i.e. we gather the pieces into packets of objects of the same size butopposite signs. The initial expansion is not the perturbative expansion, of course,but a truncation of it, i.e. a cluster expansion. This involves a preliminary largeversus small �eld expansion in the spirit of [AR2], then the couplings between scalesdue to vertices of the theory, and between spatial locations at the same scale dueto the covariance propagator, are treated on the same footing. They are linearly in-terpolated, in contrast with [FMRS3] where the vertical decoupling is quartic. Thisfeature allows to write explicitly the amplitudes of the polymers appearing in ourexpansion.To solve the renormalization recursion, we need to introduce the notion of Mayercon�guration. This is a combinatoric object that is stable by the renormalizationoperation. It consists roughly of a sequence of polymers that have a summable decay,linked by vertices on which several renormalization operations, like the operators �and 1 � � in Zimmermann's formula taking the local or the renormalized part of adivergent subgraph respectively.We can de�ne an amplitude for such Mayer con�gurations, and the result for thepressure, the Schwinger functions or the variation of e�ective constants is expressedas an expansion over these con�gurations. In this expansion each con�guration Mcomes with an amplitude factor A(M) times a purely combinatorial factor  (M).This factor is a generalization of the well known factor appearing in a standard Mayer



IV.2. THE MODEL 147expansion for making the thermodynamic limit of a model of statistical physics.Recall that the latter had, in order to show the convergence of the expansion, to bebounded by a tree expansion. This is called Rota's theorem. This is indeed what wewill do in this more complicated situation.Section VI.3 presents the algebraic de�nition of our expansion scheme, whereasin Section VI.4 we sketch the convergence proof. The methods used for the boundswere explained in great detail in [AR2], we therefore concentrated our attention tocarefully presenting the proofs of two main novelties. These are the above mentionedbound by a tree expansion, and the sum over the locations of the polymers makinga Mayer con�guration.IV.2 The modelLetM � 2 be a �xed integer. For each integer i � 0 we introduce a discretizationof IR4 by boxes of size M i. We poseDi def= f� � IR4j9(n1; : : : ; n4) 2 ZZ4;� = [n1M i; (n1 + 1)M i[� � � � � [n4M i; (n4 + 1)M i[g (IV.8)and D def= [i�0Di. If � 2 D, the unique i � 0 such that � 2 Di is denoted byi(�). To regularize the theory we introduce an integer N � 0 to de�ne an infraredcut-o� on momenta of order M�N , and also a �nite volume box � � IR4 of the form[x1; x1 + L[� � � � � [x4; x4 + L[. We require that L be a multiple of MN and that �be in fact a union of boxes in DN . The set of boxes � 2 D with i(�) = i and � � �is denoted by Di(�), and we set �(�; N) def= [0�i�NDi(�).In accordance with our vertical picture of phase space with high frequenciesabove lower ones, we introduce the following terminology. If �1;�2 2 D(�; N)and i(�1) < i(�2) and �1 � �2, we say that �1 is above �2. If furthermorei(�1) = i(�2) � 1 we say that �1 is just above �2 and also that �1 and �2 arevertically neighboring.We let Cfree be a free boundary condition covariance on IR4 that is the inverse ofan ultraviolet regularized Laplacian, namely:Cfree(x; y) def= Z d4p(2�)4 eip(x�y)p2 ��(p2) � �(M2(N+1)p2)� ; (IV.9)where � is a smooth function IR 7! [0; 1] such that �(x) = 1 if jxj � 1 and �(x) = 0if jxj � 2. We de�ne also the corresponding periodic boundary condition covarianceon �: C(x; y) def= Xz2(LZZ)4 Cfree(x; y + z) : (IV.10)



148 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEThis sum converges since Cfree has exponential decay at length scaleMN . This allowsto construct on the dual of the nuclear space of smooth periodic functions on �, aGaussian measure d�C (see [E, GJ5]). This measure is in fact supported on smoothfunctions since Cfree and C are smooth as a consequence of the ultraviolet regulari-zation due to the �(p2) term in (IV.9) (see [E, GJ5]). The quantity we consider isthe well de�ned partition functionZ(�; N) def= Z d�C(�) exp���Z� �(x)2dx� �Z� �(x)4dx� : (IV.11)Our purpose is to de�ne a converging expansion for the free energy per volume ofthe critical model: f def= limN!+1 lim�!IR4� logZ(�; N)j�j ; (IV.12)where j�j denotes the volume of �The �rst step is to extract a (@�)2 term from the Gaussian measure to put it inthe exponential of the interaction. In this particular model such a precaution is notnecessary for two reasons. First, the (@�)2 does not diverge and therefore the wavefunction renormalization can be avoided. Second, the e�ective wave function renor-malization constant is positive and there is no need to add a positive contributionfrom the Gaussian part to preserve the global positivity of the e�ective potentialsinvolved in the interaction part. However we go at it to advertise the full power of ourformalism that can be easily tailored to suit other situations where such treatmentmay be necessary, for instance infrared �4 in 4� � dimensions (see [BDH2]).We therefore introduce an � verifying 0 < � < 12 to be �xed later and writed�C(�) = d� ~C(�)N�;N exp���Z� @�(x)2dx� (IV.13)where N�;N def= det( ~CC�1) 12 is the change in normalization and ~C is the covarianceof the remaining Gaussian part. It is easy to check thatN�;N = exp0@�12 Xp2( 2�L ZZ)4 log �1� 2� ��(p2)� �(M2(N+1)p2)��1A (IV.14)and ~C(x; y) = Xz2(lZZ)4 ~Cfree(x; y + z) (IV.15)where ~Cfree(x; y) def= Z d4p(2�)4 eip(x�y)p2 ��(p2)� �(M2(N+1)p2)�1 � 2� (�(p2)� �(M2(N+1)p2)) : (IV.16)



IV.3. THE ALGEBRA OF THE EXPANSION 149Remark that ~Cfree and ~C have the same smoothness properties as Cfree and C. NowZ(�; N) = N�;N : ~Z(�; N), with~Z(�; N) def= Z d� ~C(�) exp��Z� ��@�(x)2 + ��(x)2 + ��(x)4	 dx� : (IV.17)Since, taking the limit of a Riemann sum and applying the theorem of dominatedconvergence, we havelimN!+1 lim�!IR4� logN�;Nj�j = 12 Z d4p(2�)4 log �1� 2��(p2)� ; (IV.18)it remains to study the limit~f def= limN!+1 lim�!IR4� log ~Z(�; N)j�j : (IV.19)Following the renormalization group strategy we replace the �uctuating � withcovariance ~C by a sum P0�i�N �i of independent Gaussian random �elds �i withcovariances ~Ci(x; y) def= Xz2(lZZ)4 ~Ci;free(x; y + z) (IV.20)where ~Ci;free(x; y) def= Z d4p(2�)4 eip(x�y)p2 ��(M2ip2)� �(M2(i+1)p2)�1 � 2� (�(p2)� �(M2(i+1)p2)) (IV.21)Since ~C(x; y) = P0�i�N ~Ci(x; y), the law of P0�i�N �i is the same as that of �,which legitimates the operation.IV.3 The algebra of the expansionIV.3.1 The Mayer con�gurationsA Mayer con�guration is a compound M = (e;G;Y;L;H) containing the follo-wing data.- e is an integer e � 0. A Mayer con�guration can be viewed as a constructiveanalog of a Feynman diagram, e corresponds then to the number of its external legs.If e = 0 we say that M is a vacuum Mayer con�guration.- G is a sequence (
1; : : : ; 
e) of derivation multi-indices, i.e. each 
i is in IN4.We will say that M is of type (e; (
1; : : : ; 
e)). If � = (�1; : : : ; �4) is a derivationmulti-index we denote by j�j the sum �1 + � � � + �4.



150 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITE- Y is a sequence (Y1; : : : ; Yk) of polymers, i.e. �nite subsets of D with at leasttwo elements.- L is sequence (l1; : : : ; lp) of links. Such a link l is by de�nition a sequence ofpairs ((P1; !1); : : : ; (Pr; !r)). For each i, 1 � i � r, Pi is a location i.e. either a pair(j;�) with j an integer such that 1 � j � k and � is an element of Yj, or an integerc, 1 � c � e labeling an external leg of M.An !i, for 1 � i � r, is a derivation multi-index. An !i is also called the initialderivation multi-index of the i-th leg of l. Indeed later on some renormalizationoperations may act on this leg by producing new derivations. In addition we imposeon l the restriction that P1�i�r(1 + j!ij) � 4, and that the boxes � appearing inthe locations listed in l have a nonempty intersection i.e. that are included one inanother.- H is the history of M. Namely, it is a set of quadrupletsT = (status(T );�(T );dir(T );L(T )) (IV.22)we call renormalization operations.status(T ) must be an element of the pair floc; reng, it indicates whether we arede�ning the local part or the renormalized part of the �subgraph� we are considering,like the splitting �g versus 1� �g of the old perturbative renormalization (see [R1]).�(T ) is an element of D. dir(T ) is a vector in f�!0 ;�!e1 ; : : : ;�!e4 ;��!e1 ; : : : ;��!e4g where(�!e1 ; : : : ;�!e4) is the canonical base of IR4.L(T ) is a sequence of quadruplets ((i1; j1; �1; �1); : : : ; (iu; ju; �u; �u)) where foreach v, 1 � v � u, iv is an index 1 � iv � p labeling a link liv in the previouslyde�ned sequence L; jv is a label 1 � jv � rv where rv is the length of the sequence((P1; !1); : : : ; (Pru; !ru)) de�ning the link liv. jv is said to label a particular leg inthe link liv. Finally �v is a derivation multi-index with nonnegative entries, while �vis a derivation multi-index with at most one nonzero entry that has to be 1 or �1.We impose that dir(T ) = �!0 if status(T ) = ren. We impose also that if dir(T ) =�!0 then either all the �v's are 0, or only two of them are nonzero , one with a 1 andthe other with a �1 at the same entry. If dir(T ) = ��!e � then there must be only onenon zero �v with a �1 at the �-th entry.. The �v's represent the spatial derivationsoperating on the corresponding �elds due to the Taylor expansion comparing theiroriginal positions with a local part smeared in �(T ). The �v's represent the e�ectof an additional integration by part creating a face term namely the face of �(T ) inthe direction dir(T ). This subtlety is only relevant for the �@@� counterterms thathave to be converted into (@�)2 in order to preserve the positivity of the e�ectivepotentials.The previous de�nition of a Mayer con�guration is too broad for our purposes,therefore we now de�ne admissible Mayer con�gurations or simply AMC's.



IV.3. THE ALGEBRA OF THE EXPANSION 151For any T 2 H in some Mayer con�gurationM, we de�ne cut(T ) the set of linksthat are cut by the operation T . Namely ifL(T ) = ((iT1 ; jT1 ; �T1 ; �T1 ); : : : ; (iTu(T ); jTu(T ); �Tu(T ); �Tu(T ))) (IV.23)then cut(T ) def= fiT1 ; : : : ; iTu(T )g � f1; : : : ; pg. We introduce also up(T ) the set ofindices s, 1 � s � k, labeling polymers of M, such that there exists a link li in Lwith i 2 cut(T ) containing a pair (Pa; !a) with Pa = (s;�) and i(�) � i(�(T )).If s1 and s2 in f1; : : : ; kg are two distinct indices labeling polymers, we say that s1and s2 are connected if there exist a link li in L featuring two elements of the form((s1;�1); !1) and ((s2;�2); !2), or if there exist a T 2 H such that L(T ) containstwo entries (iv1 ; jv1; �v1 ; �v1) and (iv2; jv2; �v2 ; �v2) such that the jv1 -th entry of liv1 isof the form ((s1;�1); !1) and the jv2-th entry of liv2 is of the form ((s2;�2); !2). Wede�ne U(T ) to be the set of indices s, 1 � s � k, for which there exists a sequences1; : : : ; s� in f1; : : : ; kg, � � 1, with s1 = s and s� 2 up(T ) and such that s� ands�+1 are connected for any �, 1 � � < �.In the last statement we do not take into account a connection between s� ands�+1 if it is due to a link li with i 2 cut(T ). We introduce a relation � between theelements of H. By de�nition T1 � T2 if and ony if U(T1) � U(T2).- Our �rst requirement on M to be an AMC is that � be a partial ordering i.e.that T1 � T2and T2 � T1 implies T1 = T2. We use the notation T1 � T2 if T1 � T2and T1 6= T2.We list now the other requirements on M to be an AMC.- For any T 2 H and any box� 2 Ys for some s 2 U(T ), we have i(�) � i(�(T )).- For any T 2 H, the pairs (i1; j1); : : : ; (iu(T ); ju(T )), labeling legs of links, featu-ring in L(T ) are distinct.- For any T 2 H, any pair (iv; jv) featuring in L(T ) is such that the jv-th legof the link liv is either an external leg index c, 1 � c � e, or a pair (s;�) withi(�) > i(�(T )).- For any T 2 H, any link label i, 1 � i � p, and any j labeling a leg of li, if licontains a leg of the form ((s;�); !) with s 2 U(T ), and if also the j-th leg of li isof the form ((s0;�0); !0) with i(�0) > i(�(T )), or (c; !00) with 1 � c � e, then thepair (i; j) has to be listed in L(T ).To explain the remaining requirements some more de�nitions are needed. Weintroduce for any T 2 H and any v, 1 � v � u(T ) the past derivation multi-index
T;pastv def= !(iTv ; jTv ) + XT 0�T X1�w�u(T 0) 1lf(iT 0w ;jT 0W )=(iTv ;jTv )g � (�T 0w + �T 0w ) (IV.24)where !(iTv ; jTv ) is the derivation multi-index ! appearing in the jTv -th leg of theiTv -th link, and 1lf:::g denotes the characteristic function of the condition between



152 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEbrackets. Note that the right hand side sum on w contains at most one nonzeroterm. We de�ne the super�cial degree of divergence of Tdiv(T ) def= 4� X1�v�u(T )(1 + j
T;pastv j) : (IV.25)We now require that- For any T 2 H, div(T ) � 0.- If status(T ) = loc then P1�v�u(T ) j�Tv j � div(T ).- If status(T ) = ren then P1�v�u(T ) j�Tv j = div(T ) + 1.- For any T 2 H, if there is in L(T ) a �Tv1 containing a �1 entry, then u(T ) = 2,and if fv2g = f1; 2gnfv1g, we demand the following : j�Tv2 + 
T;pastv2 j = 0, j�Tv1 +
T;pastv1 j = 2 and �Tv1 + 
T;pastv1 + �Tv1 � 0.If i is a link index and j a leg index in li then we denote by P (i; j) the locationof this leg. Another requirement is- If e � 1, there exists a T in the history of M such that status(T ) = loc,u(T ) = e, and P (iT1 ; jT1 ); : : : ; P (iTu(T ); jTu(T )) are equal respectively to 1; : : : ; e. Besideswe ask that for any v, 1 � v � u(T ),
P (iTv ;jTv ) = 
T;pastv + �Tv + �Tv : (IV.26)Such a T is necessarily unique in H. We denote it by Tout(M). We require also thatany polymer of M is made by boxes � with i(�) � i(�(Tout(M))).We introduce on each D�i def= D0 [ : : : [ Di the projection on Di, pri, thatassociates to each box � 2 D�i the unique box pri(�) in Di that contains �. Forany T 2 H we de�ne supp(T ) the set of boxes � 2 D such that i(�) � i(�(T ))and there exists a link li with i 2 cut(T ) in which � appears in the location of someof its legs. We say that a set X � Di for some i � 0, is a corner set if for any �,�0 2 X, d�2 (�;�0) = 0. Hered�2 (�;�0) def= inffd�2 (x; y)jx 2 �; y 2 �0g (IV.27)with d�2 (x; y def= inffd2(x; y + z)jz 2 (LZZ)4g (IV.28)where d2 denotes the Euclidean distance on IR4. d�2 is simply the induced distanceon the torus IR4(LZZ)4 . Now we state our �nal requirement on M to be an AMC- For any T 2 H, i(�(T )) is the smallest i such that supp(T ) � D�i andpri(supp(T )) is a corner set, and furthermore �(T ) belongs to it.



IV.3. THE ALGEBRA OF THE EXPANSION 153IV.3.2 The expansionIV.3.2.1 The e�ective coupling constantsWe suppose that for each AMC M in �, i.e. made of polymers whose boxesare in �, is associated a number C(M). We will explain later the de�nition andcomputational rule for a C(M). We assume also that these numbers are translationinvariant in IR4(LZZ)4 . More precisely, for any i, 0 � i � N , and any vector �!v 2 (M iZZ)4,we de�ne the translation ��!v on IR4(LZZ)4 identi�ed with �. ��!v is a bijection on theset of boxes Di(�). Assume �!v 2 (M iZZ)4 and M is a Mayer con�guration in �such that every � in a polymer of M satis�es i(�) � i, and every �(T ) for T inthe history of M satis�es i(�(T )) � i. We can de�ne the translate ��!v (M) as theMayer con�guration obtained fromM by repacing any of its polymers Ys by ��!v (Ys),and any � featuring in a leg of its links by ��!v (�) and any �(T ) by ��!v (�(T )).The translation invariance now means that whenever ��!v (M) is de�ned we haveC(��!v (M)) = C(M).We require also a face symmetry for the face Mayer con�gurations i.e. the con�-gurations M such that dir(Tout(M)) 6= �!0 . A face admissible Mayer con�gurationis said FAMC, the remaining ones with e � 1 are called CAMC for core admissibleMayer con�guration.If M is a FAMC, we de�ne opp(M) the opposite of M as the face Mayer con�-guration obtained from M by changing dir(Tout(M)) into �dir(Tout(M)). Nowface symmetry means that for any FAMC M we have C(opp(M)) = �C(M).This allows for any e � 1 and sequence of multi-indices (
1; : : : ; 
e) such thatr + j
1j + � � � + j
ej � 4, and any i, 0 � i � N , to de�ne the e�ective couplingconstants �ie;(
1;:::;
e).For i = 0 we let- �04;(0;0;0;0) def= �- �02;(0;0) def= �- �02;(
;
) def= � for any 
 with j
j = 1.We put all other �0e;(
1;:::;
e) equal to zero. Now let i � 1 and suppose we havede�ned all the �i�1e;(
1;:::;
e). Let us choose a � 2 Di�1 then we pose for any e and(
1; : : : ; 
e): �ie;(
1;:::;
e) def= �i�1e;(
1;:::;
e) �XM C(M) ; (IV.29)where the sum is over all AMC M of type (e; (
1; : : : ; 
e)) that is not a FAMC andsuch that i(�(Tout(M))) = �. It is easy to check that by the translation invariancecondition this quantity is independent of the choice of �. The sum overM is a priori



154 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEin�nite but for the moment we work formally. The convergence will be a consequenceof our subsequent de�nition of the C(M)'s and the arguments of section IV.4.IV.3.2.2 The large versus small �eld expansionWe put in the functional integral de�ning ~Z(�; N) a decomposition of unity intocharacteristic functions testing whether the �elds are large or not in some region ofD inside �. First we introduce a C1 step function ��(u) def= 8>><>>: 1 if 0 � t � 12e2�1 � e� 1t�12 � e� 1t�1 if 12 � t � 10 if t � 1 (IV.30)that interpolates smoothly between 1 and 0 on the interval [0; 1]. We choose also aconstant �1 > 0.Now if � is some subset of D(�; N), and (�i)0�i�N is a con�guration of the �elds,we pose��((�i)0�i�N ) = Y�2�(1 � �)0@(�i(�)4;(0;0;0;0))(1+�1) Z�0@ Xi2I�(�)�i(x)1A4dx1A� Y�2D(�;N)n��0@(�i(�)4;(0;0;0;0))(1+�1) Z�0@ Xi2I�(�)�i(x)1A4dx1A ; (IV.31)where I�(�) is the largest interval of the form fi(�); i(�) + 1; : : : ; ig such thatfor any of its elements j, j > i(�) we have prj(�) 2 �. The cubes of � are large�eld cubes, those of D(�; N)n� are small �eld cubes. It is an elementary algebraiccomputation to check that 1 = X��D(�;N)��((�i)0�i�N ) (IV.32)( a proof can be found in [AR2], lemma 4).If � 2 Di(�) \ � and �0 2 Di�1(�) with 1 � i � N , we say that �0 and � areglued. This notion of connectedness de�nes a partition of D(�; N) into connectedcomponents we denote by ��(;). An element of ��(;) is call a large �eld block.IV.3.2.3 The cluster expansionIt is not di�cult to see that, thanks to our de�nition of the e�ective couplingconstants, we can rewrite ~Z(�; N) = X��D(�;N)H� (IV.33)



IV.3. THE ALGEBRA OF THE EXPANSION 155whereH� def= Z d� ~C0(�0)
 � � � 
 d� ~CN (�N) ��((�i)0�i�N ) exp (�I((�i)0�i�N )) (IV.34)with I((�i)0�i�N ) def= Z��� NXi1;i2=0 @��i1(x)@��i2(x) + � NXi1;i2=0 �i1(x)�i2(x)+� NXi1;i2;i3;i4=0�i1(x)�i2(x)�i3(x)�i4(x)� (IV.35)which can be reformulated asI((�i)0�i�N ) = 4Xe=1 X(
1;:::;
e) X�1;:::;�e2D(�;N)�min(i(�1);:::;i(�e))e;(
1 ;:::;
e) Z�1\:::\�e dx @
1�i(�1)(x) : : : @
e�i(�e)(x)+ 4Xe=1 X(
1;:::;
e) X�1;:::;�e2D(�;N) XM CAMCtype (e;(
1;:::;
e))i(�(Tout(M)))<min(i(�1);:::;i(�e))C(M)Z�(Tout(M)) dx @
1�i(�1)(x) : : : @
e�i(�e)(x)+ X(
1;
2) X�1;�22D(�;N) XM FAMCtype (2;(
1 ;
2))i(�(Tout(M)))<min(i(�1);i(�2))C(M)Z@�(Tout(M)) d�(x) @
1�i(�1)(x)@
2�i(�2)(x) (IV.36)Here @�(T ), for some T in the history of M such that dir(T ) 6= �!0 , denotesthe face of �(T ) in the direction dir(T ). Naturally d�(x) denotes the ordinary(unoriented) surface measure on @�(T ).Now let us choose � to be a smooth function on IR such that for any x 2 IR,0 � �(x) � 1, �(�x) = �(x), � = 1 on [�14; 14], and � = 0 on ] �1;�34] [ [34;+1[and satisfying Xn2ZZ �(x� n) = 1 (IV.37)for any x 2 IR.



156 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITENow if � = [n1M i; (n1 + 1)M i[� � � � � [n4M i; (n4 + 1)M i[ is some box in Di wede�ne the function �� on IR4 by��(x1; x2; x3; x4) def= ��M�ix1 � (n1 + 12)� : : : ��M�ix4 � (n4 + 12)� (IV.38)Cearly P�2Di(�) �� forms a smooth partition of the unity on the torus IR4(LZZ)4 iden-ti�ed with �, for any i, 0 � i � N . We can now write for any x1, x2 in this torusand any i, 0 � i � N ,~Ci(x1; x2) = X�1;�22Di(�)��1(x1) ~Ci(x1; x2)��2(x2) : (IV.39)The cluster expansion we use relies on the introduction of interpolation parametersmultiplying each term in the sums contained in (IV.36) and (IV.39). We use theformulation of [AR2] (section III.2.1), we recall brie�y here.Let us suppose we have a �nite set of indices L, and H : (tl)l2L 7! H((tl)l2L)is a smooth function in some domain of IRL. We denote by 1 the vector where allthe tl are set equal to 1. We suppose we have a choice map C which associates toany sequence (l1; : : : ; lk) in L, a subset C((l1; : : : ; lk)) of L, such that if k1 � k2,C((l1; : : : ; lk2)) � C((l1; : : : ; lk1)). A sequence g = (l1; : : : ; lk) is said allowed if forany a,1 � a � k, la 2 C((l1; : : : ; la�1)). Note that the empty sequence ; is alwaysallowed. We now have the following interpolation formula whose proof is given in[AR2] (lemma 1).H(1) = Xg=(l1;:::;lk)allowed Z1>h1>���>hk>0 dh1 : : : dhk @kH@tl1 : : : @tlk (Tg(h)) (IV.40)where h denotes the vector (h1; : : : ; hk), and Tg(h) is the (tl)l2L vector de�ned inthe following way:- if l =2 C(;) then tl = 1,- if l 2 C(;)nC((l1)) then tl = h1,- if l 2 C((l1))nC((l1; l2)) then tl = h2,...- if l 2 C((l1; : : : ; lk�1))nC((l1; : : : ; lk)) then tl = hk,- if l 2 C((l1; : : : ; lk)) then tl = 0.Summation on k includes all possible values.Now we de�ne precisely in the present context the objects L, H and C.The elements of L we call cluster links fall into four categories



IV.3. THE ALGEBRA OF THE EXPANSION 157- We have the horizontal links making the set Lhor. Such a link l is characterizedby a pair of boxes �1(l) and �2(L) in D(�; N) such that i(�1(l)) = i(�2(l)). Inthat case we pose i(l) = i(�1(l)).- We have the e�ective links l 2 Le�. To de�ne such a link l one needs to specify atype (e(l); (
1(l); : : : ; 
e(l)(l))) and a sequence of boxes �1(l); : : : ;�e(l)(l) in D(�; N)such that �1(l) \ � � � \�e(l)(l) 6= ;.- We have core counter-term links l 2 Lcore. They are characterized by a type(e(l); (
1(l); : : : ; 
e(l)(l))), a sequence of boxes �1(l); : : : ;�e(l)(l) in D(�; N) and aCAMCM(l) such thatM(l) is of type (e(l); (
1(l); : : : ; 
e(l)(l))), and�(Tout(M(l)))is strictly contained in �1(l) \ � � � \�e(l)(l).- Finally we have the face counter-term links l 2 Lface. They are characteri-zed by a type (e(l); (
1(l); : : : ; 
e(l)(l))) a sequence of boxes �1(l); : : : ;�e(l)(l) inD(�; N) and a FAMC M(l) such that M(l) is of type (e(l); (
1(l); : : : ; 
e(l)(l))),and @�(Tout(M(l))) is contained in the closure of �1(l) \ � � � \�e(l)(l). Besides, wedemand that i(�(Tout(M(l)))) < min(i(�1(l)); : : : ; i(�e(l)(l))).We now de�ne H or in fact H�((tl)l2L) separately for each large �eld region �.H�((tl)l2L) def= Z d� ~C0((tl)l2L)(�0)
 � � � 
 d� ~CN ((tl)l2L)(�N)exp�� Xl2Le� tl:�min(i(�1(l));:::;i(�e(l)(l)))e(l);(
1(l);:::;
e(l)(l)) Z�1(l)\���\�e(l)(l) dx@
1(l)�i(�1(l))(x) : : : @
e(l)(l)�i(�e(l)(l))(x)� Xl2Lcore tl:C(M(l))Z�(Tout(M(l))) dx @
1(l)�i(�1(l))(x) : : : @
e(l)(l)�i(�e(l)(l))(x)� Xl2Lface tl:C(M(l))Z@�(Tout(M(l))) d�(x) @
1(l)�i(�1(l))(x)@
2(l)�i(�2(l))(x)� (IV.41)where for each i, 0 � i � N , ~Ci((tl)l2L) is the covariance de�ned by~Ci((tl)l2L)(x1; x2) def= Xl2Lhori(l)=i tl��1(l)(x1) ~Ci(x1; x2)��2(l)(x2) : (IV.42)It is clear from our de�nition that for any �, H�(1) = H� introduced in (IV.33).We now de�ne the choice map C� depending on the large �eld region. First forany sequence of cluster links we call also a graph g = (l1; : : : ; lk) we introduce ��(g)the partition of D(�; N) into strongly connected sets. We �rst de�ne for any l 2 Lthe support supp(l) of l.- If l 2 Lhor, supp is the set made by �1(l), �2(l) and every � 2 Di(l)(�) suchthat d�2 (�;�1(l)) = 0 or d�2 (�;�2(l)) = 0.



158 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITE- If l 2 Le�, supp(l) def= f�1(l); : : : ;�e(l)(l)g.- If l 2 Lcore, supp(l) def= f�1(l); : : : ;�e(l)(l);�(Tout(M(l)))g.- If l 2 Lface, supp(l) def= f�1(l); : : : ;�e(l)(l);�1(l);�2(l)g. where �1(l) and �2(l)are the two boxes in Di(�(Tout(M(l))))(�) sharing @�(Tout(M(l))) as a common face.Obviously one of them is �(Tout(M(l))).Now given V � D(�; N), we de�ne gV as the subsequence of g obtained bykeeping only the cluster links whose support is a subset of V . Suppose we are givena partition �0 of D(�; N). We say that V is strongly connected for g with respectto �0 if it satis�es the following conditions.- V is connected, i.e. given � and �0 in V there exists a sequence �1; : : : ;�b inV such that �1 = �, �2 = �0 and for any a, 1 � a < b, �a, �a+1 fall both in thesupport of a cluster link in gV or in some block of �0.- for any i � maxfi(�)j� 2 V g we consider the set Vi def= fpri(�)ji(�) � i;� 2V g. Two elements �1, �2 of Vi are said joined if there exist �01, �02 2 V such thati(�01) � i, i(�02) � i, pri(�01) = �1, pri(�02) = �2 and �01, �02 fall in the support ofsome link in gV or in a block of �0. Now if X � Vi is some connected component ofVi for this notion, we de�ne the order of X, ord(X), by the following. If there is a� 2 V , such i(�) � i and pri(�) 2 X, as well as a �0, i(�0) > i such that � and�0 belong to the same block of �0 then ord(X) = +1. If not we consider the linksl 2 gV such that supp(l) contains a box �high with i(�high) � i and pri(�high) 2 X,and a box �low with i(�low) > i. Those can only be e�ective or counterterm links,and the possible boxes �low are among �1(l); : : : ;�e(l)(l). We sum over these boxesthe corresponding numbers 1+ j
c(l)j, for 1 � c � e(l), and we sum the results overthe above mentioned links l 2 gV to obtain �nally ord(X).Now in order for V to be strongly connected we need that for every i and X,ord(X) � 5. In other words the high frequency function that projects on X has astrictly negative super�cial degree of divergence.Now if ��(g) is the set of maximal strongly connected sets of g with respect to�0 = ��(;). It is not di�cult to see that ��(g) is indeed a partition of D(�; N) andthat ��(;) is a coherent notation. Besides ��(;) is �ner than ��(g).Remark that our notion of strong connectedness is weaker than the 4-vertexirreducibility used in [AR2].If V � D(�; N) we introduce the vertical closure of V asV def= f� 2 D(�; N)j9(�1;�2) 2 V 2;�1 � � � �2g : (IV.43)We then have to de�ne the choice map C�. Given a sequence of cluster links g, alink l 2 L is said forbidden by g if it falls into one of the following categories:- l 2 (Lhor [ Le�) and there is a block B 2 ��(g) such that supp(l) � B,



IV.3. THE ALGEBRA OF THE EXPANSION 159- l 2 (Lcore[Lface) and there is is a block B 2 ��(g) such that �1(l); : : : ;�e(l)(l)are in B and supp(l) � B.In both cases such a B is unique and we say that l is forbidden by B. Now C�(g)is by de�nition the set of the links in L that are not forbidden.Now we can write the output of the identity IV.40 when used with the previousrules to compute H� and thus ~Z(�; N). We have:~Z(�; N) = X��D(�;N) Xg=(l1;:::;lk )allowedZ1>h1>:::>hk>0 dh1 : : : dhk Z d� ~C0(h)(�0)
 � � � 
 d� ~CN (h)(�N)Y1�m�klm2Lhor�12 Z� dxm;1 Z� dxm;2 ��1(lm)(xm;1)��2(lm)(xm;2)~Ci(lm)(xm;1; xm;2) ���i(lm)(xm;1) ���i(lm)(xm;2)�� �� ((�i)0�i�N )� Y1�m�klm2Le����min(i(�1(lm));:::;i(�e(lm)(lm)))e(lm);(
1(lm);:::;
e(lm)(lm)) Z�1(lm)\���\�e(lm)(lm) dxm@
1(lm)�i(�1(lm))(xm) : : : @
e(lm)(lm)�i(�e(lm)(lm))(xm)�� Y1�m�klm2Lcore��C(M(lm))Z�(Tout(M(lm))) dxm@
1(lm)�i(�1(lm))(xm) : : : @
e(lm)(lm)�i(�e(lm)(lm))(xm)�� Y1�m�klm2Lface��C(M(lm))Z@�(Tout(M(lm))) d�(xm)@
1(lm)�i(�1(lm))(xm)@
2(lm)�i(�2(lm))(xm)�� exp0@� kXj=0 (hj � hj+1) XB2��((l1;:::;lj)) IB ((�i)0�i�N )1A : (IV.44)In this formula, h denotes the vector (h1; : : : ; hk), the functional derivations ���may act upon any an factor on the right, each �� is periodized on � ' IR4(LZZ)4 and



160 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEwe have posed h0 def= 1 and hk+1 def= 0. Furthermore ~Ci(h) is de�ned by~Ci(h)(x1; x2) = kXj=0 (hj � hj+1)XB2��((l1;:::;lj))0B@X�2 �Bi(�)=i ��(x1)1CA ~Ci(x1; x2)0B@X�2 �Bi(�)=i ��(x2)1CA (IV.45)where �B denotes the interior of B:�B def= f� 2 Bj8�0 2 Di(�)(�); (d�2 (�;�0) = 0) �0 2 B)g (IV.46)Finally IB((�i)0�i�N ) is the sum of the contributions, as appearing in (IV.42), ofthe links in Le� [ Lcore [ Lface that are forbidden by B.It is not di�cult to check that thanks to our de�nition of the e�ective couplingconstants,IB ((�i)0�i�N ) = Z� dx8<: Xe;(
1;:::
e)�iB(x)e;(
1;:::
e)0@ Xi12IB(x) @
1�i1(x)1A : : :0@ Xie2IB(x) @
e�ie(x)1A9=;(IV.47)where IB(x) denotes the section of B at x de�ned by IB(x) def= fi; 0 � i � N j9� 2B; i(�) = i; x 2 �g and iB(x) def= min(IB(x)). The fact that the faced counter-termlinks do not appear in the interpolated exponential is due to their banning rule andthe face symmetry. Indeed for such a link l, to be forbidden by B, both the cubes�1(l) and �2(l) touching the face @�(Tout(M(l))) have to be in B. But this condi-tion is also shared by the link corresponding to the ��ipped� Mayer con�gurationi.e. the one obtained by translating opp(M(l)) by the vectorM i(�(Tout(M(l)))):dir((Tout(M(l))) :Since this �ipped con�guration has the opposite coe�cient C(M), we see that thecontributions of the forbidden face counter-term links cancel each other.Note that ~Ci(h) is clearly from (IV.45) a positive bilinear form on the nuclearspace of smooth periodic functions on �. Therefore the Gaussian measures d� ~Ci(h)are well de�ned.The stability of the interpolated interaction in the exponential factor of (IV.44)will follow if we prove that IB((�i)0�i�N ) is bounded from below. For that we must



IV.3. THE ALGEBRA OF THE EXPANSION 161know the renormalization group �ow of the e�ective coupling constants. In parti-cular we must show that �ie;(
1 ;:::;
e) is zero except for �i4;(0;0;0;0), �i2;(0;0) and �i2;(
;
)with j
j = 1. These correspond to the usual coupling constant, mass and wave func-tion renormalizations, respectively. We will have to show that the running couplingconstants of the �4 and the (@�)2 terms are positive. The �i2;(0;0) is allowed to benegative and will in fact be if we try to approach the critical point of the infrared�44 model. This study is postponed to section IV.4.We now have to write (IV.44) as a polymer expansion like we did in [AR2] (theo-rem 1). Therefore we have to group together every features like �, g, the integrationwith respect to h and the �elds (�i)0�i�N themselves, according to the block of the�nal partition ��(g) to which they belong.For any Y 2 ��(g), we de�ne �Y def= � \ Y . Note that �Y has to verify thefollowing property. If � 2 �Y and i(�) > 1 then any �0 just above � has to belongto Y . We then say that �Y is internal to Y . This property does not depend onwhat happen in the other blocks of ��(g), therefore we can make the sums P�Yfor Y 2 ��(g) that compose P�, independently. Likewise if gext is the sequence oflinks obtained from g by removing all the disjoint subsequences gY , for Y 2 ��(g),we have to show that we can sum independently on gext and the gY 's.Note that any link in gext is in C�(g). Else there would be a Y 2 ��(g) thatforbids l. It is not di�cult to see that Y [ supp(l) would then be strongly connectedby g and the maximality of Y implies supp(l) � Y which is a contradiction byde�nition of gext. Note also that the condition of allowedness for g with respect to� is equivalent to that of all the gY 's, Y 2 ��(g), relatively to �Y respectively.The proof is similar to that of lemmas 6 and 7 in [AR2]. Given a partition � ofD(�; N) we say that a graph gext is �-trivial if g does not connect the blocks of �into bigger strongly connected sets. This means that a strongly connected set forgext with respect to the partition � must be contained in some element of �.Now summing over the allowed g with ��(g) �xed equal to �, is the same assumming independently over each gY , Y 2 �, allowed with respect to �Y and madeby links whose support is in Y , and over gext made by links whose support is not inan element of � and which is �-trivial. Finally one has to sum over the intertwiningsof the sequences gext and gY , for Y 2 �, to recompose the full sequence g. As isexplained in [AR2] the e�ect of this sum over intertwinings is to release, in theintegration on h, the constraints 1 > h1 > � � � > hk > 0 that are between any hiand hj if li and lj are not in the same gY of gext.Finally we want to factorize the functional integrations between each block of� = ��(g). For that we decompose the interpolated covariance ~Ci(h) according to



162 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITE~Ci(h) =PY 2� ~Ci;Y (h), where~Ci;Y (h)(x1; x2) def= kXj=0 (hj � hj+1)XB2��((l1;:::;lj ))B�Y 0B@X�2 �Bi(�)=i ��(x1)1CA ~Ci(x1; x2)0B@X�2 �Bi(�)=i ��(x2)1CA : (IV.48)Likewise we replace each �uctuating Gaussian �eld �i by a sum PY 2� �i;Y ofindependent Gaussian �elds �i;Y with covariances ~Ci;Y (h) respectively. Now each�eld @
�i(x) appearing in the integrand of (IV.44) becomes PY 2� @
�i;Y (x). Nowif � the box containing x at scale i, is in some Y then almost surely @
�i;Y 0(x) = 0for any Y 0 2 �, Y 0 6= Y . Indeed the ��0 with �0 2 �Y 0, i(�0) = i(�), vanish on aneighborhood of �, thanks to our choice of � de�ning our smooth partition of unity.Therefore ~Ci;Y (h)(y; y) = 0 for y in a neighborhood of �. Since we deal with smooth�elds �i;Y , the �almost surely� locally for �xed x can be upgraded (by consideringthe x's with rational coordinates) to a global �almost surely� for all x in �.What we get when we collect the pieces of the expansion in some Y 2 � is apolymer amplitude. Given a family J = ((iq; yq; �q))1�q�r where iq is a scale indexin f0; : : : ; Ng, yq is a point in �, and �q a derivation multi-index, we introduce thepolymer amplitudeA(Y ;J ) def= X�Y XgY =(l1;:::;lk)Z1>h1>:::>hk>0 dh1 : : : dhk Z d� ~C0;Y (h)(�0;Y )
 � � � 
 d� ~CN;Y (h)(�N;Y )Y1�m�klm2Lhor�12 Z� dxm;1 Z� dxm;2 ��1(lm)(xm;1)��2(lm)(xm;2)~Ci(lm)(xm;1; xm;2) ���i(lm);Y (xm;1) ���i(lm);Y (xm;2)��@�1�i1;Y (y1) : : : @�r�ir ;Y (yr)� ��Y ;Y ((�i;Y )0�i�N )� Y1�m�klm2Le����min(i(�1(lm));:::;i(�e(lm)(lm)))e(lm);(
1(lm);:::;
e(lm)(lm)) Z�1(lm)\���\�e(lm)(lm) dxm@
1(lm)�i(�1(lm));Y (xm) : : : @
e(lm)(lm)�i(�e(lm)(lm));Y (xm)�



IV.3. THE ALGEBRA OF THE EXPANSION 163� Y1�m�klm2Lcore��C(M(lm))Z�(Tout(M(lm))) dxm@
1(lm)�i(�1(lm));Y (xm) : : : @
e(lm)(lm)�i(�e(lm)(lm));Y (xm)�� Y1�m�klm2Lface��C(M(lm))Z@�(Tout(M(lm))) d�(xm)@
1(lm)�i(�1(lm));Y (xm)@
2(lm)�i(�2(lm));Y (xm)�� exp0B@� kXj=0 (hj � hj+1) XB2��Y ((l1;:::;lj ))B�Y IB ((�i;Y )0�i�N )1CA : (IV.49)Here �Y is summed over large �eld regions that are internal to Y . ��Y ;Y denotesthe product of factors in ��Y , as de�ned in (IV.31), corresponding to boxes � in Y .gY is summed over graphs that are made by links with support in Y , are allowedwith respect to �Y and make Y strongly connected.Finally we can now rewrite (IV.44) as a polymer expansion:~Z(�; N) =X� Xgext=(l1;:::;lpext) 1pext! Y1�m�pextlm2Le� ���min(i(�1(lm));:::;i(�e(lm)(lm)))e(lm);(
1(lm);:::;
e(lm)(lm))Z�1(lm)\���\�e(lm)(lm) dxm� Y1�m�pextlm2Lcore ��C(M(lm))Z�(Tout(M(lm))) dxm�Y1�m�pextlm2Lface ��C(M(lm))Z@�(Tout(M(lm))) d�(xm)�YY 2�A(Y ;J (gext; Y )) : (IV.50)Here � is summed over the partitions of D(�; N), and gext over the graphs thatare made by links whose support is not contained in an element of �, and suchthat gext is �-trivial. 1pext! is the volume resulting from the integration of the hparameters attached to the links of gext. Finally J (gext; Y ) is the family obtainedby putting in lexicographic order in (m; c), 1 � m � k, 1 � c � e(lm), the triplets(i(�c(lm)); xm; 
c(lm)) such that �c(lm) 2 Y .Note that this rewriting was possible because when considering the piece ofcovariance or interaction in some Y , in formula (IV.44), they were expressed by sumsof the type Pkj=0(hj � hj�1):uj. The latter, in fact reduces to P��=0(hjv � hj�+1 )uj�



164 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEwhere j0 = 0, j�+1 = k + 1 and (lj1; : : : ; lj�) is the subsequence gY of g. Indeed ujwhich is eitherXB2��((l1;:::;lj ))B�Y 0B@X�2 �Bi(�)=i ��(x1)1CA ~Ci(x1; x2)0B@X�2 �Bi(�)=i ��(x2)1CA (IV.51)for the covariance or XB2��((l1;:::;lj ))B�Y IB ((�i;Y )0�i�N ) (IV.52)for the interaction potential, varies only when j is some j�. Actually, only the linkswith support in Y are relevant to the computation of the partition induced on Y by��((l1; : : : ; lj)).Note that if Y is reduced to a single cube � then �Y = ; and thus ~Ci;Y (h) isidentically zero and so are the �elds �i;Y , 0 � i � N , almost surely. As a result, theonly �Y giving a non zero contribution is ;, for which we have��Y ;Y ((�i;Y )0�i�N ) = ��(�i(�)4;(0;0;0;0))(1+�1) Z� �i;Y (x)4dx� : (IV.53)Therefore A(Y ;J ) = 1 if J is empty, and A(Y;J ) = 0 otherwise. This is a nicefeature in the cluster expansion business since we do not have in order to computelog ~Z(�; N), to divide by the normalization of isolated cubes called also monomers.IV.3.2.4 The Mayer expansionWe present here a new point of view for performing the well known Mayer ex-pansion, which is more suitable to the present situation. The goal is to computelog ~Z(�; N). The way we proceed is by solving in the coe�cients C(M) whereM isa VAMC, the equation1 = exp � XM VAMC C(M)! � ~Z(�; N) (IV.54)i.e. 1 =Xr�0 1r! XM1;:::;MrVAMC (�C(M1)) : : : (�C(Mr)) � ~Z(�; N) : (IV.55)In the last line we decompose ~Z(�; N) according to the polymer expansion(IV.50). A term in the obtained sum is indexed by r, M1; : : : ;Mr, � and gext.



IV.3. THE ALGEBRA OF THE EXPANSION 165If Y1; : : : ; Ys are the elements of � that are not isolated cubes, since they are dis-joint, summing over � is the same as summing over sequences Y1; : : : ; Ys with a 1s!symmetrization factor. Therefore the equation to solve in the C(M)'s is1 =Xr�0 XM1;:::;MrVAMC Xs�0 X(Y1 ;:::;Ys)disjoint#(Yi)�2 Xgext 1r!s!pext! (�C(M1)) : : : (�C(Mr))Y1�m�pextlm2Le�  ��min(i(�1(lm));:::;i(�e(lm)(lm)))e(lm);(
1(lm);:::;
e(lm)(lm)) Z�1(lm)\���\�e(lm)(lm) dxm!Y1�m�pextlm2Lcore ��C(M(lm))Z�(Tout(M(lm))) dxm�Y1�m�pextlm2Lface ��C(M(lm))Z@�(Tout(M(lm))) d�(xm)�YY 2�A(Y ;J (gext; Y )) : (IV.56)The goal is to write the right hand side as a sum over VAMC's, and checkingthat the coe�cients for any non empty VAMC is zero. For that we have to show howto gather the information contained inM1; : : : ;Mr, Y1; : : : ; Ys and gext to constructby a concatenation procedure a new VAMCMbig.First the polymer sequence in Mbig is obtained by listing in the following orderY1; : : : ; Ys, the polymer sequence ofM1 , . . ., the polymer sequence ofMr, then thepolymer sequences of M(lm), 1 � m � pext, whenever lm 2 Lcore [ Lface.Now the link sequence of Mbig is likewise obtained by listing with the order ofgext the links of the latter that are in Le�, then we list the links of M1; : : : ;Mr,and that of M(lm), 1 � m � pext such that lm 2 Lcore [ Lface. There is a slightlack of precision in the last de�nition since these links are not a priori links withlegs ((i;�); !) where i is a polymer index of Mbig. Therefore a little treatment isnecessary for each of the links we used in order to be admissible as links of Mbig.If lm is a link of gext in Le�, we replace it by the sequence of legs�((j1;�1(lm)); 
1(lm)); : : : ; ((je(lm);�e(lm)(lm)); 
e(lm)(lm))� (IV.57)where j� is the unique j, 1 � j � s, such that ��(lm) 2 Yj . Indeed Y1; : : : ; Ys aredisjoint.If l is some link of Mu, 1 � u � r and ((i;�); !) is a leg of l, we need only tochange the polymer index i inMu into the new index inMbig where the correspon-ding polymer was placed when constructing the polymer sequence of Mbig.If l is some link of M(lm), 1 � m � pext, lm 2 (Lcore [ Lface) we need to dothe same operation. Besides if (c; 
c(lm)), 1 � c � e(lm), is an external leg of l, we



166 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEput instead ((j;�c(lm)); 
c(lm)) where j is the unique index 1 � j � s such that�c(lm) 2 Yj .Now the history ofMbig is simply the union of the histories of M1; : : : ;Mr andM(lm) such that 1 � m � pext and lm 2 (Lcore [Lface). Again the only modi�cationis to change the index of a polymer or a link into its new location in the polymer orlink sequence of Mbig.We have now to split the contribution of Mbig in (IV.56) by introducing a de-composition of the �dangerous subgraphs� into renormalized and local part. Thisis close in spirit to the introduction of the substraction operators �g and 1 � �g inZimmermann's treatment of perturbative renormalization (see [R1]).The idea is to collect the polymers by connectedness with respect to the links ofMbig and with respect to the notion of overlap, above a certain scale. If a connectedcomponent communicates with the lower frequencies by links in gext whose lowerlegs are @
1�i1(x1); : : : ; @
e�ie(xe) with j
1j+ � � �+ j
ej+ e � 4, i.e. that componentis �dangerous�, we perform the following operations. We suppose we have chosen acube � of reference and write@
1�i1(x1) : : : @
e�ie(xe) = 1j�j Z� dz@
1�i1(z) : : : @
e�ie(z)+ eXc=1 4X�=1 1j�j Z� dz Z 10 dt (xc � z)�@
1�i1(z + t(x1 � z)) : : : @
c+e��ic(z + t(xc � z)) : : : @
e�ie(z + t(xe � z)) (IV.58)where e� is the multi-index with 1 at entry �, and 0 at the other entries. If j
1j+� � �+j
ej+e = 4, we call the �rst term in (IV.58) the local part and the second expressionthe renormalized part. If j
1j + � � � + j
ej + e < 4 then the product of �elds in thesecond expression is still �dangerous� since j
1j+ � � �+ j
c + e�j+ � � �+ j
ej+ e � 4.Therefore we apply to it the same expansion as (IV.58) and we repeat the operationas long as there is a product of �elds located in the interpolated positions withmulti-indices of derivation �1; : : : ; �e such that j�1j+ � � �+ j�ej+ e � 4. In the �nalexpression the terms where the �elds are located at the same point z integrated in� go into the local part and the remaining trems make the renormalized part. Thisinductive procedure stops after at most four steps in the case of a �44 model. We givehere the decomposition associated with the really important �eld monomials i.e. the�2, @�@�, �@@� and the �4 terms.- The local part of �i1(x1)�i2(x2)�i3(x3)�i4(x4) isloc(�i1(x1)�i2(x2)�i3(x3)�i4(x4)) def= 1j�j Z� dz�i1(z)�i2(z)�i3(z)�i4(z) : (IV.59)



IV.3. THE ALGEBRA OF THE EXPANSION 167-The renormalized part isren(�i1(x1)�i2(x2)�i3(x3)�i4(x4)) def= 1j�j Z� dz Z 10 dt (x1 � z)�@��i1(x1 + t(x1 � z))�i2(x2 + t(x2 � z))�i3(x3 + t(x3 � z))�i4(x4 + t(x4 � z))+ 1j�j Z� dz Z 10 dt (x2 � z)�@��i2(x2 + t(x2 � z))�i1(x1 + t(x1 � z))�i3(x3 + t(x3 � z))�i4(x4 + t(x4 � z))+ 1j�j Z� dz Z 10 dt (x3 � z)�@��i3(x3 + t(x3 � z))�i1(x1 + t(x1 � z))�i2(x2 + t(x2 � z))�i4(x4 + t(x4 � z))+ 1j�j Z� dz Z 10 dt (x4 � z)�@��i4(x4 + t(x4 � z))�i1(x1 + t(x1 � z))�i2(x2 + t(x2 � z))�i3(x3 + t(x3 � z)) : (IV.60)- Likewise loc(�i1(x1)@�@��i2(x2)) def= 1j�j Z� dz�i1(z)@�@��i2(z) (IV.61)- and ren(�i1(x1)@�@��i2(x2)) def= 1j�j Z� dz Z 10 dt(x1 � z)�@��i1(x1 + t(x1 � z))@�@��i2(x2 + t(x2 � z))+ 1j�j Z� dz Z 10 dt(x2 � z)��i1(x1 + t(x1 � z))@�@�@��i2(x2 + t(x2 � z)) : (IV.62)- Similarly loc(@��i1(x1)@��i2(x2)) def= 1j�j Z� dz@��i1(z)@��i2(z) (IV.63)- and ren(@��i1(x1)@��i2(x2)) def= 1j�j Z� dz Z 10 dt (x1 � z)�@�@��i1(x1 + t(x1 � z))@��i2(x2 + t(x2 � z))



168 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITE+ 1j�j Z� dz Z 10 dt(x2 � z)�@��i1(x1 + t(x1 � z))@�@��i2(x2 + t(x2 � z)) : (IV.64)- Now more complicatedloc(�i1(x1)�i2(x2)) def= 1j�j Z� dz1�i1(z1)�i2(z1)+ 1j�j2 Z� dz1 Z� dz2(x1 � z1)�@��i1(z2)�i2(z2)+ 1j�j2 Z� dz1 Z� dz2(x2 � z1)��i1(z2)@nu�i2(z2)+ 1j�j3 Z� dz1 Z� dz2 Z� dz3 Z 10 dt1(x1� z1)�(z1+ t1(x1� z1)� z2)�@�@��i1(z3)�i2(z3)+ 1j�j3 Z� dz1 Z� dz2 Z� dz3 Z 10 dt1(x1� z1)�(z1+ t1(x2� z1)� z2)�@��i1(z3)@��i2(z3)+ 1j�j3 Z� dz1 Z� dz2 Z� dz3 Z 10 dt1(x2� z1)�(z1+ t1(x1� z1)� z2)�@��i1(z3)@��i2(z3)+ 1j�j3 Z� dz1 Z� dz2 Z� dz3 Z 10 dt1(x2� z1)�(z1+ t1(x2� z1)� z2)��i1(z3)@�@��i2(z3)(IV.65)- andren(�i1(x1)�i2(x2)) = 1j�j3 Z� dz1 Z� dz2 Z� dz3 Z 10 dt1 Z 10 dt2 Z 10 dt3(x1 � z1)�(t1x1 + (1� t1)z1 � z2)�(t2t1x1 + t2(1 � t1)z1 + (1 � t2)z2 � z3)�@�@�@��i1(t3t2t1x1 + t3t2(1 � t1)z1 + t3(1� t2)z2 + (1� t3)z3)�i2(t3t2t1x2 + t3t2(1 � t1)z1 + t3(1� t2)z2 + (1� t3)z3)+ 7 other terms as ugly as this one : (IV.66)Now the previous decompositions for the contribution ofMbig have to be perfor-med beginning with high frequency scales and progressing towards the low frequen-cies. Let us suppose we have treated all dangerous parts strictly above some �xedscale i, 0 � i � N . We de�ne now the dangerous parts at scale i.If Y1; : : : ; Ysbig denotes the polymer list of Mbig we consider S def= fsj1 � s �sbig; Ys � D�ig. We say that s1 and s2 in S are joined if Ys1 \Ys2 6= ; i.e. Ys1 and Ys2overlap, or if there is a link ofMbig having a leg with position (s1;�1) and another



IV.3. THE ALGEBRA OF THE EXPANSION 169(s2;�2). We consider R � S some connected component according to this notion ofjunction. Suppose there are links in Mbig coming out or R and that their legs thatare not located in R have positions (s;�) with s =2 R and i(�) > i. Suppose alsothere is no polymer Ys, s =2 S overlapping with some Ys0 ; s0 2 R. We suppose thata polymer index set corresponding to one of the Mayer con�gurations M1; : : : ;Mrand M(lm) for 1 � m � p, lm 2 (Lcore [ Lface), is either disjoint from R or strictlycontained in it.We consider the links that come out of R, and more particularly their legs thatare in R. If (s;�) is the position of such a leg, we project � on scale i i.e. look atpri(�). Let XR be the set o� all these projections and suppose that i is the smallestscale index such that XR is a corner set. We suppose also that e+j
1j+� � �+j
ej � 4,where e is the total number of legs of the links coming out or R, and 
1; : : : ; 
e are thederivation multi-indices acting on them after taking into account the decompositionsof the previously treated dangerous parts, either due to decompositions of Mbig athigher frequency or due to renormalization operations T coming from the historiesof the Mayer con�gurations used to build Mbig.If all these assumptions are realized we say that R is a dangerous part at scalei. Now two situations can occur either R has been treated already by the historyof a Mayer con�guration building Mbig, i.e. there is already a T in the history ofMbig with the same external legs as those of R, or not. In the second case oneperforms the decomposition into renormalized and local parts, as explained before,of the corresponding monomial @
1�i1(x1) : : : @
e�ie(xe) appearing in the productof polymer amplitudes in (IV.56). For that we sum over the choices of � in thecorner set XR and divide by 1#(XR) . We chose also a numbering from 1 to e of theseexternal legs and divide by the number of choices. Each time we perform a newdecomposition we add to the history of Mbig the corresponding T that encodes itprecisely. Knowing T means that we know exactly what term was selected in thelocal or the renormalized part in the equations (IV.59), (IV.60), (IV.61), (IV.62),(IV.63), (IV.64), (IV.65) or (IV.66).Note that an additional decomposition is introduced for a local part term of theform Cst� Z� dz �i1(z)@�@��i2(z) : (IV.67)We integrate it by parts to obtainCst� Z� dz @��i1(z)@��i2(z)+Cst� Z@�+ d�(z) �i1(z)@��i2(z)� Cst � Z@�� d�(z) �i1(z)@��i2(z) (IV.68)where @�+ is the face of � in the direction �!e �, and @�� is the face of � in thedirection ��!e �. We obtain therefore a new renormalization operation by choosing



170 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEone of these three terms. If it is the �rst one then dir(T ) def= �!0 and �1 def= �!e � and�2 def= ��!e �. If it is the second then dir(T ) def= �!e � and �1 def= �!0 and �2 def= ��!e �. Ifit is the third then dir(T ) def= ��!e � and �1 def= �!0 and �2 def= ��!e �.We now de�ne the coe�cients C(M) to be of the formC(M) =  (M)A(M)�(M) (IV.69)where A(M) is the amplitude of the Mayer con�guration M, �(M) is its symmetryfactor, and  (M) is its Mayer coe�cient that has to be tuned in order for equation(IV.56) to hold.First we de�ne A(M). If M is a VAMC, we start withA0(M) def= Y1�m�p ��min(i(�m;1);:::;i(�m;em ))em;(!m;1 ;:::;!m;em) Z�m;1\���\�m;em dxm! Y1�s�kA(Ys;J (L; Ys))(IV.70)where l1; : : : ; lp are the links of M, Y1; : : : ; Yk are its polymers, �m;1; : : : ;�m;em arethe boxes featuring in the position of the legs of lm and !m;1; : : : !m;em are the initialderivation multi-indices of these legs. A(Ys;J (L; Ys)) is the polymer amplitude ofYs with respect to the family J de�ned in the same manner as in (IV.50) but withthe collection L of links instead of gext.Then A(M) is obtained from A0(M) by performing all the operations encodedby the T 's in the history of M. The case of a CAMC or a FAMC is similar, theexternal legs playing no role in de�ning the amplitude of M.The symmetry factor �(M) is the cardinal of the symmetry group G(Mbig) ofM i.e. the group of relabeling operations that preserve the amplitude of M.- First there are the permutations of f1; : : : ; kg, the label set of the polymersequence of M. It is understood that such a permutation modi�es also the labels sin a position (s;�) of a leg in a link of M.- Then there are also the permutations of f1; : : : ; pg the label set of the linksequence L ofM. Such a permutation modi�es the labels i appearing in a quadruplet(i; j; �; �) featuring in L(T ) where T is in the history of M.Note that the history H being an unordered set there is no permutation groupacting on it. Therefore �(M) def= k!� p! : (IV.71)We suppose that  (M) is invariant by these transformations. We will see laterhow this can be achieved.



IV.3. THE ALGEBRA OF THE EXPANSION 171The right hand side of (IV.56) can now be rewritten asXMbig VAMCA(Mbig)
(Mbig) (IV.72)with
(Mbig) def= Xclusterproducing Mbig 1r!s!pext! Y1�u�r�� (Mu)�(Mu)�� Y1�m�pextlm2(Lcore[Lface) �� (M(lm))�(M(lm))�(IV.73)where the sum is over cluster decompositions i.e all ways to buildMbig by concate-nation and renormalization splittings from a sequence (Y1; : : : ; Ys) of disjoint poly-mers, a sequence M1; : : : ;Mr of VAMC's and a sequence of external links gext asin equation (IV.56). Now we can symmetrize the expression by application of thetransformations in G(Mbig) which do not change its amplitude:XMbig VAMCA(Mbig)
(Mbig) = XMbig VAMC A(Mbig)�(Mbig)� X�2G(Mbig)
(� (Mbig)) : (IV.74)Now X�2G(Mbig)
(� (Mbig)) =XW X�2G(Mbig) Xclusterproducing �(Mbig) 1r!s!pext!Y1�u�r�� (Mu)�(Mu)�� Y1�m�pextlm2(Lcore[Lface) �� (M(lm))�(M(lm))� (IV.75)where W is the set of subsets of the index set of the polymer sequence of Mbig,that are transformed by � into the index sets of the polymers of M1; : : : ;Mr orM(lm), 1 � m � pext, lm 2 (Lcore [ Lface), viewed in their concatenated Mayercon�guration, here � (Mbig). The sum over � is the same, but the sum over thecluster decompositions is now conditioned by the constraint of knowing W.It is not di�cult to see that if we know W and � we know exactly r, s, pext,Y1; : : : ; Ys and M1; : : : ;Mr together with the sequence (M(lm))m for 1 � m �pext, lm 2 (Lcore [ Lface) we call the elementary Mayer con�gurations, and also therenormalization splittings. The only thing that remains to be summed over is gext.We know the sequence of e�ective links in it as well as the sequence of links inLcore [ Lface, but we have to sum over all intertwinings of these sequences. Thisaccounts for a factor pext!pe� !pcont! where pe� is the number of e�ective links and pcont thenumber of links in Lcore [ Lface.



172 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEAs a resultX�2G(Mbig)
(� (Mbig)) =XW X�2G(Mbig) 1r!s!pe�!pcont! YM elementary�� (M)�(M)� :(IV.76)Now if W is speci�ed, by symmetry of the coe�cients  (M), the terms in thesum over � are independent of � . We just have to count such transformations. Theaction of � on the polymer indices must leave W �xed therefore there are s!r! �QM elementarykM! possibilities, where kM is number of polymers in an elementarycon�guration M. The action of � on the links of Mbig can shu�e together thee�ective links, pe� ! possibilities, it can also shu�e the groups of links correspondingrespectively to the elementary Mayer con�gurations that are not VAMC's, pcont!possibilities. Finally it can permute the links in each group therefore accountingfor QM elementary pM! possibilities, where pM is number of links in an elementarycon�guration M. As a resultX�2G(Mbig)
(� (Mbig)) = XW allowedby Mbig YV2W(� (M(Mbig; V ))) (IV.77)If (Y1; : : : ; Ysbig) is the polymer sequence of Mbig, W is a subset of the po-wer set P(f1; : : : ; sbigg) of f1; : : : ; sbigg, made of disjoint subsets of f1; : : : ; sbigg.If V = fi1; : : : ; i�g is an element of W , the polymer sequence of the elementaryMayer subcon�guration M(Mbig; V ) of Mbig is (Yi1 ; : : : ; Yi�). Its link sequence isthe extracted sequence of links inMbig with at least one leg located in fi1; : : : ; i�g.Besides, if a leg of such a link is not in this set we replace it by the of the quadrupletin L(T (V )) where it is listed. T (V ) here is the unique renormalization operation inthe history ofMbig that lists exactly all these external legs ofM(Mbig; V ). The his-tory of M(Mbig; V ) is made by the elements T in the history of Mbig that containa quadruplet (i; j; �; �) with i labeling a link having a leg located in V . A trivialrelabeling is also needed.To say that W is allowed by Mbig in (IV.77) means that each M(Mbig; V ),V 2 W , is indeed an AMC, andMbig can be obtained from these elementary Mayercon�gurations by the concatenation procedure explained earlier, modulo a transfor-mation by an element of G(Mbig). This means in particular that the polymers ofMbig that are not in anyM(Mbig; V ), V 2 W , are disjoint, These are called actualpolymers in contrast with those of a M(Mbig; V ) that are called virtual in Mbig.Now in order for equation (IV.56) to be satis�ed it is enough to have for any nonempty VAMCMbig the equalityXW allowedby Mbig YV2W(� (M(Mbig; V ))) = 0 (IV.78)



IV.4. THE CONVERGENCE OF THE EXPANSION 173Note now that W = ff1; : : : ; sbiggg is allways allowed and therefore (IV.78) can bewritten as  (Mbig) = XW strictly allowedby Mbig YV2W(� (M(Mbig; V ))) (IV.79)�strictly� here means W 6= ff1; : : : ; sbiggg.Now (IV.79) is in fact the key for an inductive de�nition of the coe�cients . Indeed we can extend the equation (IV.78) to all AMC's and not only to theVAMC's. In that case (IV.79) allows to compute the coe�cients  (M) for anyadmissible Mayer con�guration, by induction on the number of its polymers. It iseasy to see that indeed such coe�cients  (M) will be symmetric under the actionof G(M) which justi�es a posteriori the precedent derivation. We now have de�ned,for any AMCM, the amplitude A(M), the symmetry factor �(M) and the Mayercoe�cient  (M) in such a way thatC(M) =  (M)A(M)�(M) (IV.80)solves the equation (IV.56). Therefore it is straight-forward to compute� ~Z(�; N)j�j = � 1j�j XM VAMC  (M)A(M)�(M) : (IV.81)The purpose of the next section is to prove that this expansion is absolutely convergentuniformly in � and N .IV.4 The convergence of the expansionIV.4.1 The tree structure of the Mayer coe�cientsIt is straight-forward to solve the recursion (IV.79) by (M) = XF strict forestallowed by M (�1)#(F) : (IV.82)Here, F is a forest of subsets of f1; : : : ; sg the polymer index set of M. Thismeans F � P(f1; : : : ; sg) and for any V1, V2 2 F we have V1 � V2 or V2 � V1 orV1 \ V2 = ;. A strict forest means f1; : : : ; sg =2 F . Allowed by M means that ifV 2 F [ff1; : : : ; sgg and WV is the set of maximal elements of F strictly containedin V , then WV is allowed by M(M; V ) according to the notations and de�nitionsof the last section.



174 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEA few things remain to be proven in order to show the convergence of (IV.81).Among them, that the only AMC'sM with non zero  (M) are connected by overlapand do not contain a dangerous part. This will mean that from A(M) we will beable to get su�cient decrease in the horizontal and above all in the vertical directionto sum it in D(�; N).But this will not be enough. Experts in the cluster and Mayer expansions mightstill view our claim of convergence as somewhat dubious. Indeed a sum over forests ofsubsets is a huge combinatorial sum. One would be ill advised to bound in (IV.82) the(�1)#(F) simply by 1. One must �nd a way to pro�t by the numerous cancellationsof this formula �rst. This is what we will do and the result will be a reduction of(IV.82) into a sum over graphs with no loops i.e. unions of disjoint trees on the setf1; : : : ; sg labeling the polymers of M.It is noticeable that such a forest formula as (IV.82) bears some resemblanceto Zimmermann's formula in perturbative renormalization. In fact an element Vof F corresponds in our con�guration M, a kind of �super� Feynman graph, to adivergent subdiagram. The only major di�erence is that some V 's might correspondto a vacuum subgraph. This is maybe the essential di�erence between perturbativeand constructive theory. In the latter, vacuum graphs are not completely factorizedfrom other two and four point graphs, for there is still a residual interaction due tothe overlap of polymers.First we show that for a CAMC of FAMC M,  (M) 6= 0 implies that M isconnected with respect to junction. Recall that junction was the notion used tode�ne the dangerous parts for the renormalization splittings, and it means that twopolymers overlap or there is a link with a leg in each of them. Since (M) = XW strictlyallowed by M YV2W(� (M(M; V ))) (IV.83)the allowedness ofW meaning thatM is built from the (M(M; V ))V2W by the clus-ter expansion and renormalization splitting of formula (IV.56) (modulo a reshu�ingby � 2 G(M)), and by our de�nition of dangerous parts as connected componentsfor junction above some frequency, it is ipso facto required thatM be connected forjunction. IndeedM is itself the local part of a newly created dangerous part.Next we show that the same statement holds for a VAMC M. It is proven byinduction on the number of its polymers. In (M) = XW strictlyallowed by M YV2W(� (M(M; V ))) (IV.84)we see that eitherM(M; V ) is a VAMC thus by induction  (M(M; V )) = 0 unlessit is connected, or it is a CAMC or a FAMC and the same holds because of the



IV.4. THE CONVERGENCE OF THE EXPANSION 175previous argument. Now if Wmax = fV1; : : : ; V�g is the set of polymer index subsetscorresponding to maximal connected components for junction of M we have, if� � 2, the factorizationXW strictlyallowed by M YV2W(� (M(M; V ))) = �Y�=10B@ XW� allowedby M(M;V�) YV 2W(� (M(M; V )))1CA = 0(IV.85)because we do not require strict allowedness of W� with respect toM(M; V�), sinceV� is not equal to the full set of polymer indices ofM. From (IV.78) we deduce thateach factor is 0.Thus  (M) 6= 0 implies � = 1, in other words that M is connected for junction.The next step is to show that if there is a local part, i.e. a T 2 H with status(T ) =loc, that corresponds to a connected component ofM above i(�(T )), then  (M) =0 unless M is a CAMC or a FAMC and T = Tout(M).By T corresponding to a connected component above i(�(T )) we mean thatwhen we consider polymers of M that are included in D�i(�(T )) , for the notion ofjunction, there is a connected component R, not overlapping with a polymer of Mthat is not in D�i(�(T )), containing U(T ) and whose external legs are exactly thoselisted by L(T ).This is done by induction on the number of polymers ofM. Let W be a strictlyallowed set of disjoint polymer index subsets ofM as in formula (IV.79). Suppose Twas contained in the history of someM(M; V ), V 2 W . Let then RV be the connec-ted component for junction of U(T ) in M(M; V ) above i(�(T )). Since U(T ) � Rthen RV � R. As a result, the only external legs of RV are those of R i.e. thoselisted in L(T ). Therefore T corresponds to a connected component above i(�(T ))in M(M; V ) and by induction  (M(M; V )) = 0 unless T = Tout(M(M; V )). Butin this last case V � R.Suppose now that T is not in the history of someM(M; V ) for V 2 W , then Tis a renormalization operation created to treat the dangerous parts ofM at the laststage of building M from the elementary Mayer con�gurations M(M; V ), V 2 W .From our de�nition of dangerous parts in section IV.3.2.4. it follows that a V 2 Wis either disjoint from R or strictly contained in it.Finally we have shown that for any W giving a non zero contribution in (IV.79),a V 2 W is either disjoint from R or a subset of R. Let us �x Wout = fV 2W jV \ R = ;g and sum over Win = fV 2 W jV � Rg. Since there is no overlapbetween a polymer in R and a polymer not in R, the restriction on Win simplyreduces to the allowedness with respect to the Mayer sub-con�guration M(M; R),



176 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEand thus if R is not the full polymer index set of M we have (M) =XWin YV 2Win  (M(M; V ))�0B@ XWout allowedby M(M;R) YV 2Wout  (M(M; V )))1CA = 0 (IV.86)since the last factor vanishes thanks to (IV.78) applied to M(M; R).If on the contrary R is the full polymer index set of M then M is a CAMCor a FAMC and T = Tout(M). This completes the induction step, and proves ourstatement.As a consequence of the previous arguments, the sum over forests solving (IV.79)by (IV.82) is over forests F such that for every V 2 F , the Mayer subcon�gurationM(M; V ) satis�es the previous connectedness properties.Now we can prove that in such a forest, every T 2 H such that status(T ) = loccorresponds to an element of V , i.e. there is V 2 F such thatM(M; V ) is a CAMCor a FAMC and Tout(M(M; V )) = T .Indeed, in the building process ofM, speci�ed by F , there is a V 2 F such thatT was created at stage V i.e. V is the minimal element of F such that T is in thehistory of the subcon�guration M(M; V ). By our rule for de�ning renormalizationoperations, T has to correspond to a dangerous part in V i.e. there is an R � V suchthat R is a connected component of V for junction above i(�(T )), the external legsof R being those listed in L(T ). But by the previous argument  (M(M; V )) = 0unless M(M; V ) is a CAMC or a FAMC with Tout(M(M; V )) = T . The fact thatnow only the V 's with  (M(M; V )) 6= 0 are taken into account in the forestsexpressing  (M), proves the assertion.Let now F be such a forest, we can split it into F = Fcont[Fvac in the followingway. Fcont def= fV 2 FjM(M; V ) is a CAMC or a FAMCg ; (IV.87)Fvac def= fV 2 FjM(M; V ) is a VAMCg : (IV.88)To reduce the sum in (IV.82) we �x Fcont and sum over Fvac. The �rst case weconsider is when M is a VAMC.Let S be the set of polymer indices that are not in any V 2 Fcont. SinceM is aVAMC we have S 6= ;. We say that two indices s1 and s2 of S are related if thereis a link with a leg in s1 and another in s2, or if there is a T in the history of Msuch that L(T ) contains a leg in s1 and another in s2. It is clear that an elementof Fvac cannot separate two related elements of S. Let S be the partition of S intoconnected components for this relation. We now introduce a graph GS on S in the



IV.4. THE CONVERGENCE OF THE EXPANSION 177following way. A pair fX1;X2g with X1 2 S, X2 2 S, X1 6= X2 belongs to GS if andonly if there is s1 2 X1 and s2 2 X2 such that Ts1 \ Ys2 6= ;.Let us de�neFvac def= fB � Sj9V 2 Fvac;8X 2 S; (X 2 B , X � V )g ; (IV.89)and �Fvac def= fV 2 Fvacj8V 0 2 Fcont; V 6� V 0g : (IV.90)It is not di�cult to see that Fvac fully determines �Fvac and vice versa. Besides, if we�x in (IV.82) Fcont and and Fvacn �Fvac, the remaining sum on �Fvac is in fact a sumover Fvac with the only constraint that the elements of Fvac are connected subgraghsof GS , and that Fvac cuts all pairs of GS. This means that if fX1;X2g 2 GS, thereexists a B 2 Fvac such that X1 2 B and X2 =2 B. Now we have to reduce the sum� def= XFvac(�1)#(Fvac) (IV.91)to a sum over trees.Let us number the elements of S as fX1; : : : ;X�g by increasing order ofminfsjs 2Xg for X 2 S. Consider in (IV.91) the sum over the Fvac such that X1 is in someB 2 Fvac. Let us �x B1 the maximal such B in Fvac, and sum on Fout the partof Fvac that does not intersect B1. Let B2; : : : ; B� be the connected components ofSnB1 for GS restricted to SnB1. Note that there exist at least one of them sinceB1 6= S because the forests F in (IV.82) do not contain the full set of polymerindices of M.Now the conditional sum XFout(�1)#(Fout) (IV.92)is zero since we can add or substract from Fout the set B2, for instance, withoutany constraint. Indeed the only pairs of GS crossing B2, link it to B1 and thus arealready cut by B1 2 Fvac.This argument shows a �rst reduction� = XFvacX1 =2[Fvac (�1)#(Fvac) (IV.93)Now consider Xi1 ; : : : ;Xin , 2 � i1 < : : : < in � �, the nearest neighbors of X1 inthe graph GS , they are necessarily contained in maximal blocks B1; : : : ; B� of Fvac.Now let us �xB1; : : : ; B� as well as the part of Fvac contained in one of them and sum



178 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEover Fout the part of Fvac that does not intersect them. If fX1g [B1 [ : : :[B� 6= Sthen XFout(�1)#(Fout) = 0 (IV.94)by the same argument as before. Indeed the pairs of GS coming out of a connectedcomponent of Sn(fX1g [B1 [ : : : [B�) are already cut by B1; : : : ; B�. Therefore� = XfB1;:::;B�g(�1)� � �Y�=10@XFvac;�(�1)#(Fvac;�)1A (IV.95)where fB1; : : : ; B�g is a partition of SnfX1g by sets connected by GS , and each sumover Fvac;� is the analog of �, when we replace S by B� and GS by B� and GS byits restriction to B� .The only di�erence is that when we apply again the procedure inside some B�,we start, as an analog of X1 in B�, from the element of SnfX1g that contains thesmallest polymer index s such that Ys overlaps with some polymer of the previousX1.Now (IV.95) wants iteration. It is straight-forward to solve it as� = (�1)#(S)�1 �Xt 1 (IV.96)where t is a tree connecting S satisfying the following properties.- We require t � GS .- Let X1 be the root. Let for any Xi 2 S , dt(Xi) be the depth of Xi i.e. theminimal number of links in t to go from Xi to X1. We de�ne also if Xi 6= X1, theancestor an(Xi) of Xi, to be the unique Xj with dt(Xi)�1 to which Xi is connectedby t. We de�ne also for any Xi 2 S the branch growing from Xi, br(Xi) as theconnected component of Xi with respect to the graph tnffXi; an(Xi)gg if Xi 6= X1and as S if Xi = X1. We now require from t that for any Xi 6= X1, if Xj 2 br(Xi)and fXi;Xjg 2 GS then j � i.This choice is quite arbitrary but it succeeds in writing � as a sum over treeswhich is our modest goal. This will provide an acceptable bound on the Mayercoe�cients. The way we proceed from (IV.95) is simply to identify B1; : : : ; B� asthe branchs of a tree growing from X1. To keep track of B1; : : : ; B� one needs tochoose a link of GS for each of them. We do that by taking for each B� the linkfX1;Xj�g where j� si the smallest index j such that Xj 2 B� and fX1;Xjg 2 GS.The corresponding Xj� will be the analog of root X1, inside B� to continue theinduction.



IV.4. THE CONVERGENCE OF THE EXPANSION 179What we have done up to now is to reduce the sum over �Fvac to a sum over treesin case M is a VAMC.Let us now suppose M is a CAMC or a FAMC. We consider in the same wayas before S to be the set of polymer indices that are not in any V 2 Fcont. If S = ;there is nothing like �Fvac to sum about at this stage. If S 6= ;, we consider also Sthe set of connected components of S for the relation introduced before, taking intoaccount relations via the external legs of M. As a consequence if some polymers ofS contain a leg from a link cut by Tout(M), they must belong to the same elementof S. If such a component exists we call it X1 and number the other componentsX2; : : : ;X� following the same, somewhat arbitrary, rule as before. It is clear thatwe can thus reduce the sum over �Fvac, the part of Fvac made by V 's that are notcontained in any element of Fcont, to a sum over trees, as we did in the �rst case.What happens if there is no such component X1? This implies that the externallegs ofM are already cut by T 's in the history ofM corresponding to some maximalelements of Fcont. Let Q be the set of polymer indices ofM that are not within theunion of the maximal elements of Fcont whose relative external legs are external legsof M. Then Q is not equal to the full polymer index set of M and any element of�Fvac is contained in Q. Besides S 6= ; implies Q 6= ;. But now since we can add orsubstract from �Fvac the set Q itself, without constraint, the sum over �Fvac vanishes,by an argument becoming familiar now.We have now treated all cases in summing over �Fvac. The next step is simply toiterate the procedure to sum inside each V 2 Fcont over FVvac, the subforest of Fvacmade by subsets that are strictly contained in V but not contained in any V 0 2 Fcontwith V 0 strictly in V . We proceed from the maximal V 's of Fcont to the minimalones. The resulting sum over Fvac can be expressed as a sum over an ordinary graphwithout loops on the polymer index set of M. To formulate the result we introducethe notion of Mayer graph adapted to the counter-term forest Fcont.A Mayer graph m adapted to Fcont is an ordinary graph on the polymer indexset of M i.e. a set of pairs, with the following properties.1- For any pair fs1; s2g in m, Ys1 \ Ys2 6= ;.2- We say that two polymer indices s1 and s2 are connected if there is a leg in s1and another in s2 that are listed in the same link ofM or the same L(T ) fot T in thehistory of M, or if fs1; s2g 2 m. IfM is a CAMC or a FAMC, we also consider theelements of up(Tout(M)) to be connected together. Now we ask that for this notionof connectedness, M is entierly connected. we also ask that for any V 2 Fcont theMayer subcon�gurationM(M; V ) is entierly connected for the previous notion afterremoving from m the pairs that are not contained in V .3- The third requirement is inductive. It is checked as follows. There are twocases to consider at the beginning.



180 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEFirst case:M is a VAMC. We de�ne S as before as well as X1. We ask that nopair of m is internal to X1. We consider then the connected components K1; : : : ;K�of the complement of S in the polymer index set of M for the same notion ofconnectedness as in 2, but after removing from m all pairs that go out of X1. Nowfor any K� we ask the following. If K� is in Fcont, then there must be no pair of mjoining X1 to K� . If K� is not in Fcont, then no link of m must go out of K� , andthere is a single pair of m going out of K� . This pair must be of the form fs1; s2gwith S1 2 X1, s2 2 K� and (s2; s1) minimal in lexicographic order among all pairsof polymer indices such that s1 2 X1, s2 2 K� and Ys1 \ Ys2 6= ;.Second case:M is a CAMC or a FAMC. S is de�ned as before. If S = ; thenthe components K1; : : : ;K� are by de�nition the maximal elements of Fcont. Werequire then that no pair of m goes out of some K� . If S 6= ; then X1 is de�ned asbefore to be the component of up(Tout(M)) and again we de�ne K1; : : : ;K� as inthe �rst case and we ask the same requirements.Now after checking these �rst conditions on M we do the same check for theMayer subcon�gurations M(M;K�) with, for each K� , m replaced by the set of itspairs that are internal to K� . We continue inductively the check inside each K� . Theonly di�erence with the initial step is in the de�nition of �X1� inside some K� suchthat M(M;K�) is a VAMC. We choose the element of �S� inside K� that containsthe only s 2 K� such that there exists an s0 =2 K� with fs; s0g 2 m.This completes the de�nition of a Mayer graph adapted to Fcont. It is easy tosee that it forces m to be a graph without loops on the polymer index set of M,i.e. a union of disjoint trees. This is what we call a forest graph in graph theoryand in [AR2], but this terminology here is troublesome since it may create a confu-sion with the forests of subsets we consider here and that are more familiar to therenormalization theory.Up to now we have shown that (M) = (�1)loc(M) �XFcont Xm adaptedto Fcont (�1)#(m) (IV.97)where loc(M) is the number of T 's in the history of M with status(T ) = loc, it isalso the cardinal of Fcont. We say that m is simply a Mayer graph on M if thereexists a forest Fcont such that m is adapted to Fcont. Note that the subsets K�de�ned in checking the property 3 form the forest Fvac associated to m. We denoteby F(m;Fcont) the total forest made by the union of this Fvac with Fcont.The only forests that survive in (IV.82) after the procedure we used to exploitthe numerous cancellations are that of the form F(m;Fcont).We are not �nished yet. One has to notice the important fact that given a Mayergraph m, there is a unique Fcont such that m is adapted to it.



IV.4. THE CONVERGENCE OF THE EXPANSION 181Indeed, suppose M is a VAMC, let Slow be the smallest index of polymer in Mthat maximizes imax(Ys) where imax(Y ) def= maxfijY \ Di 6= ;g.Then slow cannot be in an element of Fcont therefore it is in the set S de�nedbefore. Besides S can be recovered as the connected component of slow due to connec-tion made by an L(T ), an up(T ), a pair of m or a link of M except those of cut(T )for some T in the history of M such that status(T ) = loc and T is maximal forthat property with respect to the partial ordering � introduced in section 3.1. Nowlet us consider for each such T , with an external leg in S, the connected componentof up(T ) for the same notion of connectedness. The collection of these connectedcomponents gives us the maximal elements of Fcont.Suppose M is a FAMC or a VAMC. If up(Tout(M)) is a union of up(T )'s forT � Tout(M), and status(T ) = loc then necessarily S = ;. Besides when we considerthe maximal such T 's for � and the connected components of their up(T )'s for theabove mentioned connectivity de�nition after removing up(Tout(M)) we obtain againthe maximal elements of Fcont.Finally in the remaining case, there exists an element of up(Tout(M)) that isnot in up(T ) for T maximal for � with T � Tout(M) and status(T ) = loc. ThenS is again the connected component, after removing up(Tout(M)) of the union ofsuch elements. we then recover the maximal elements of Fcont as the connectedcomponents, after removing up(Tout(M)), of the maximal T 's with status(T ) = locand T � Tout(M) that have an external leg in S.The inductive continuation of this procedure inside each of these maximal ele-ments of Fcont allows us to reconstruct Fcont entierly from the knowledge of m andthe structure of M. Therefore we denote this unique Fcont by Fcont(m) and poseF(m) def= F(m;Fcont(m)).Finally  (M) = Xm Mayer graph(�1)#(F(m)) (IV.98)i.e. we have reduced the Mayer coe�cients to a sum of factors �1 indexed by ordinarygraphs with no loops, whose links fs1; s2g are such that Ys1 and Ys2 overlap. This isthe analog of Rota's theorem in our context. This is what the Mayer expansion isall about in constructive theory.IV.4.2 The boundsThis section will be a bit sketchy, for the bounds on the polymer amplitudes,in a slightly di�erent setting, were explained in great detail in [AR2]. Besides, thecontrol of the �ow of the e�ective constants by extracting �rst orders of perturbationtheory does not di�er much from the well understood perturbative treatment since



182 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEour expansion is here to control the remainder terms. For the study of the �ow werefer to [GK, FMRS3, R1, BDH2].In our context we need simply an ansatz like0 � �i � � (IV.99)0 < ��1i � ��1 +O(1)(logM i) (IV.100)j��ij � O(1)�iM�2i (IV.101)j��ij � O(1)(�i)2 (IV.102)where �i def= �i4;(0;0;0;0), �i def= �i2;(0;0), �i = �i2(
;
) for any multi-index 
 with j
j = 1,��i def= �i��i+1, ��i def= �i��i+1 and ��i def= �i� �i+1. To prove such a statement onemust bound the expansion (IV.29) for the variations ��i, ��i and ��i successivelyfor all values of i starting with i = 0. This bound is done in a way similar to thatfor the expansion (IV.81).Note that our de�nition of the coe�cients C(M) veri�es the translation inva-riance and face symmetry properties needed at the early stages of our expansionscheme. Besides, it is clear that the only e�ective constants that are nonzero are theones listed above. Indeed one can prove that by induction on i. First, all �ie;(
1;:::;
e)with e odd vanish since the induction hypothesis compels each polymer amplitude,from the high frequencies with an odd number of �elds, to vanish by the � $ ��symmetry. There remains the �@��, @��@�� and �@�@�� terms. The �@�@�� termsdo not �ow because of the systematic integration by part trick and the introductionof the FAMC counterterms. For the �@�� and @��@�� terms with � 6= �, a spacere�ection in the direction � shows that the counterterms of this kind cancel eachother, so that there remains the @��@�� (� is not summed over here). Furthermore,the latter, for di�erent values of �, have equal e�ective constants by space rotationalsymmetry with respect to rotations that exchange the coordinate axes. Indeed thesize of � is the same, i.e. L, in every direction.The bound on a polymer amplitude A(Y;J ) is done by the method of [AR2]with only a few minor changes. In proposition 2 of [AR2] the only di�erence is ingetting small factors from the interaction for type II2.2.a cubes, in a large �eld block.For this we have to compare the �4 and the �2 terms. The @�@� term is positivethanks to the � protection incorporated in section IV.2 and to the ansatz (IV.102).Therefore it does not spoil the picture. We now have to get a lower bound on theexpression Z ~� dx ��iB( ~�)�B(x)4 + �iB( ~�)�B(x)2� (IV.103)appearing in the interaction. Besides we know thatZ ~� dx �iB( ~�)�B(x)4 � K13��(1+�1)iB( ~�) : (IV.104)



IV.4. THE CONVERGENCE OF THE EXPANSION 183But by the Cauchy-Schwartz inequalityZ ~� dx ��iB( ~�)�B(x)4 + �iB( ~�)�B(x)2� (IV.105)� Z ~� dx �iB( ~�)�B(x)4 � j�iB( ~�)j:j ~�j 12 :�Z ~� dx �iB( ~�)�B(x)4� 12 (IV.106)� �iA� j�ijM2(i�1)A 12 (IV.107)with i = iB( ~�) and A = R~� dx �iB( ~�)�B(x)4 � K13��(1+�1)i . Since we are consideringthe critical theory obtained by solving �N = 0 i.e. �xing the e�ective mass at the lastscale to be zero, we have �i =Pj�i ��i and thus by the ansatz j�j � O(1)�iM�2i.Therefore for some constant K�iA� j�ijM2(i�1)A 12 � �i(A�K:A 12 ) � 12K13���1i (IV.108)if we take �i small enough for 12K 1213�� 1+�12i � K (IV.109)to hold. This is obtained by merely taking the initial � small since the study of the�ow of e�ective constants shows easily that asymptotically �i � Cst� �i . Finally weobtain from the exponential of the interaction the small factor exp(�12K13���1i ).Another modi�cation is in the domination of low momentum �elds. One hasto dominate @�(x) �elds. This can be bounded by a ( 1j�j R� �(x)4dx) 14 term plus a�uctuation containing double gradients by the same trick as in lemma 19 of [AR2].Indeed if � is the averaging cube, we write @�(x) = R dz @�(x)��(z) where ��is a scaled smooth function with an integral equal to 1, de�ned as in lemma 19 of[AR2], i.e. �� def= M�4i(�)�0((y � �)M�i(�)) (IV.110)where � is a corner of � and �0 is a �xed function. Then we interpolate @� bet-ween x and z. The �uctuation term gives double-gradients and behaves well withrespect to local Gaussian factorials. The equal position term is bounded thanks toan integration by parts and a Holder inequality:����Z dz @�(z)��(z)���� = ����Z dz �(z)@��(z)���� (IV.111)� �Z dz �(z)4� 14 ��Z dz j@��(z)j 43� 34 � �Z dz �(z)4� 14 �M�2i(�) : (IV.112)



184 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEOne recovers �nally a scalingM�2i(�) for this @� factor, where� is the the averagingcube.Finally remark that when dominating a low momentum leg �i of a vertex loca-lized at scale j we get a loss � 14i :�� 14j � ( ji )� 14 that can be beaten by extracting afraction of the power counting factor M��(j�i) of the leg �j.We now explain how to sum over (Y1; : : : ; Yk) the polymer sequence of M andthe Mayer graph m when we restrict Y1 to contain a �xed box �org. This conditioncomes from the 1j�j factor in the expansion of the free energy per volume. It is simplya condition to break the translation invariance degeneracy.We suppose we have a decay factor T�(Y1; : : : ; Yk) de�ned in the following wayT�(Y1; : : : ; Yk) def= kYi=1 �u(�)#(Yi):T�(yi)�� T ext� (Y1; : : : ; Yk) (IV.113)where u(�) is a small factor i.e. a function of � such that u(�) ! 0 if � ! 0, andT�(Yi) is the decay factor de�ned in [AR2]. To de�ne T ext� (Y1; : : : ; Yk), we considersuccessively all i � imax(Y1; : : : ; Yk) def= maxfijDi\ (Y1[ : : :[Yk) 6= ;g and de�ne theprojection on scale i, i.e. by the previously introduced function pri, of the polymersthat are contained in D�i. Two cubes of ths projection are connected if they arethe projections of two cubes belonging to the same polymer. We now consider theconnected components of the projection on scale i and if there is no cube, of apolymer that is not contained in D�i, that projects by pri on some component, wesay that the latter is a dangerous component at scale i. Now by de�nitionT ext� (Y1; : : : ; Yk) def= Yi<imax(Y1;:::;Yk) YX dangerous componentat scale i M�(4+�) : (IV.114)Besides we suppose that Y1; : : : ; Yk are such that at scale imax(Y1; : : : ; Yk) there isonly one component for the projection.We now show that provided � is small enoughXk�1 X(Y1;:::;Yk)Xm T�(Y1; : : : ; Yk) < +1 ; (IV.115)uniformly in N and �. We proceed by constructing a rooted tree connecting theobjects we are considering and show that for every link on the tree there is a cor-responding summable decay factor.Given k, m and Y1; : : : ; Yk, we consider (k + 1) copies D(1); : : :D(k);D(ext) ofD(�; N), the set of boxes containing the polymers. Each Yi is viewed as a subset ofD(i). We consider
i def= f� 2 D(i)ji(�) � imax(Yi);9�0 2 Yi;�0 � �g (IV.116)



IV.4. THE CONVERGENCE OF THE EXPANSION 185and also
ext def= f� 2 D(ext)ji(�) � imax(Y1; : : : ; Yk);9�0 2 (Y1 [ : : : [ Yk);�0 � �g :(IV.117)We know from [AR2] (proposition 1) that using a fraction (1+M�jd�2 (�;�0))� �3of the decay of the horizontal links f�;�0g in an admissible forest graph in T�(Yi),as well as a fraction M� �3 of the decay factor associated to a component at somescale of Yi we can collect a factor M�� < 1 for each cube of 
i. Let Gi be the graphof 
i whose links are all pairs f�1;�2g in 
i such that �1 is just above �2. Wethus have a factor M�� for each link in Gi. Let Fi be an admissible forest graphof horizontal links for Yi. We consider also Gext the graph of 
ext made by all pairsf�1;�2g in 
ext with �1 just above �2. We have to show that for any such link wecan extract from T�(Y1; : : : ; Yk) a factor M��.For any link f�;�0g in Fext def= F1 [ : : : [ Fk viewed as a graph on 
ext we canextract from T�(Y1) : : :T�(Yk) a factor (1+M�jd�2 (�;�0))� �3 with j = i(�) = i(�0).Let j < imax(Y1; : : : ; Yk) and X be a connected component of f� 2 
extji(�) � jgde�ned by the graph obtained from Gext [ Fext by keeping the links f�;�0g withi(�) � j, and i(�) � j. We have to extract a factor M� �3 for each such component.Let Yi a polymer such that X \ Yi 6= ;. then the component at scale j of some� 2 X \ Yj for Yi equipped with Fi is entierly contained in X. If j < imax(Yi), thenT�(Yi) still contains a factor M�(4+ 2�3 ) associated to this component. We can extractfrom itM� �3 and associate it to X. If for all Yi with Yi\X 6= ; we have J � imax(Yi),then X corresponds to a dangerous component at scale j as de�ned when introducingT�(Y1) : : :T�(Yk). Therefore we have from the latter a factorM�(4+�) forX from whichwe can extract an M� �3 .We have shown thus that to every component X there can be associated a factorM� �3 , besides for every link f�;�0g of Fext we have a factor (1+M�jd�2 (�;�0))� �3 .Now from the proof of Proposition 1 in [AR2] we can use these two kinds of factorsto obtain an M�� < 1 for any cube of 
ext and thus for every link of Gext.Let 
 be the disjoint union of 
1; : : : ;
k;
ext. Let G def= G1 [ : : : [ Gk [ Gextviewed as a graph on 
. Recall that m is a graph without loops of f1; : : : ; kg suchthat fi1; i2g 2 m implies Yi1 \ Yi2 6= ;. Let m be also a graph without loops ofoverlap relations obtained from m by adding as much links as necessary such thatconnected components of m in f1; : : : ; kg are the connected components obtainedby taking into account all the overlap relations between Y1; : : : ; Yk. Let also tm be agraph on 
 obtained by choosing for every link fi1; i2g of m a realization �f�1;�2g�where �1 2 
i1, �2 2 
i2 and �1, �2 are in fact the same box � in D(�; N) with� 2 Y1 \ Y2.Let now for each 
i, ti be a tree such that Fi � ti � Gi [ Fi, which connects
i and such that for any component X of 
i at some scale i, the links of ti inside



186 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEX form a tree connecting X. The construction of such a ti is easy, we refer to theproof of Proposition 1 in [AR2] for the details.We now have to construct on 
 a connecting tree t with tm [ t1 [ : : : [ tk � tand t � tm [ t1 [ : : :[ tk [Gext [H def= G where H is the set of all links f�1;�2g in
 with �1 2 D(ext), �2 is in some Yi viewed inside 
i and �1, �2 are in fact thesame box of D.Let j � imax(Y1; : : : ; Yk), we de�ne the graphGj def= tm [ t1 [ : : : [ tk [ ff�;�0g 2 Gext [Hji(�) � j; i(�0) � jg : (IV.118)If we pose G�1 def= tm [ t1 [ : : : [ tk, we obviously haveG�1 � G0 � G1 � [ : : : [Gimax(Y1;:::;Yk) = G: (IV.119)We construct t in such a way that for any j, �1 � j � imax(Y1; : : : ; Yk), t \ Gjhas the same connected components as Gj . We start with the forest graph G�1.Suppose �1 � j < imax(Y1; : : : ; Yk) and we have constructed t\Gj. We just have toadd to t links from Gj+1nGj in such a way as we connect together the componentsof Gj+1, without making loops. At the end of the induction we have constructedt \Gimax(Y1;:::;Yk) i.e. t completely.Since we supposed when de�ning T�(Y1; : : : ; Yk) that there is only one componentof the projection at scale imax(Y1; : : : ; Yk), it is easy to see that G connects 
 andso does t. this shows also that t is indeed a tree i.e. is connected.Now let us consider �org 2 Y1 viewed in 
1 � 
 to be the root of t. Each linkof t can be oriented towards the root i.e. for each l = f�1;�2g we de�ne f(l) (likefather) to be the element of l which is closest to the root, in t, and s(l) (like son)to be the remotest, as we did in [AR2]. The direction of l is from s(l) to f(l). Thesummation procedure on the location of the boxes in 
 begins with the leafs of tand progresses towards the root �org, i.e. for each l we sum over s(l) knowing f(l).Taking into account this orientation of the links we have to extract a summabledecay factor for each of them.If l 2 t is a link in H or in tm the factor 1 will be enough. If l = f�1;�2g in t isa link of F1 [ : : : [ Fk, we have still a decay factor (1 +M�i(�1)d�2 (�1;�2))�(4+ �3 )which is enough. Now the remaining links of t are in G i.e. are links between verticalnearest neighbors. There are two cases to consider.First, l goes upward, i.e. we sum the big cube knowing the small one. In thatcase we dispose of a factor M�� which is enough.The second case is more delicate, i.e. when the link l goes downward that is whenwe sum the small cube inside the big one. One has to extract for such links a factorM�(4+ �3 ). This is what we explain now.



IV.4. THE CONVERGENCE OF THE EXPANSION 187Let l be such a downward link and let j = i(s(l)). The �rst case we consideris when s(l) 2 
i, 1 � i � k. Let X be the connected component of s(l) for thegraph Gi;j obtained from Fi [ Gi by keeping only the links f�;�0g with i(�) � jand i(�0) � j. By construction of ti, as done in [AR2], ti \Gi;j is a tree connectingX. Clearly f(l) =2 X i.e. l goes out of X. Indeed X corresponds to the support of asubtree of t, and in a big tree that is oriented towards the root there can be at mostone link going out of a subtree. This is intuitively true, but one can �nd a formalproof of this statement in [AR2] (lemma 13).Necessarily we have j < imax(Yi) and since then X corresponds to a componentof Yi at scale j, T�(Yi) provides for it a factor M�(4+ �3 ) we can now allocate to thelink l. We have actually checked that we do not risk allocating it twice. Each timewe perform this allocation we say that the component X was used.The second case is when s(l) 2 
ext. Let X be the connected component of s(l)for the graph Gj. Since the cubes � of 
ext with i(�) > j are isolated by Gj andf(l) is one of them, l goes out of X .Now let us consider all components X, of all polymer, at scale j, as de�ned inthe �rst case, that intersect X . Clearly, since Gi;j � Gj for each i, 1 � i � k, thesecomponents X are entierly contained in X . Suppose there is such a component Xin X that was not used for the allocation in the �rst case . We can allocate thecorresponding factor M�(4+ �3 ) in T�(Y1) : : :T�(Yk) to the link l. It is easy to see thatwe cannot allocate in this way the same factor twice. Indeed X corresponds to asubtree t(X ) of t. Note that the orientation of t(X ) induced from t is the same asthe �internal� orientation of t(X ) when we choose s(l) as a root.Finally suppose that there are no unused components X in X . Let X 0ext def=X \ 
ext, X 0down def= f� 2 X \ (
1 [ : : : [ 
k)ji(�) > jg (IV.120)and X 0up def= f� 2 X \ (
1 [ : : : [ 
k)ji(�) � jg (IV.121)so that X is the disjoint union of X 0ext, X 0down and X 0up. The above mentioned compo-nents X form a partition of X 0up. Since the root of t(X ) is s(l) 2 Xext and X 0up 6= ;,we have links going out of X 0up [ X 0down. Such a link can only be one of H linking acube of some component X � X 0up to the corresponding cube in X 0ext. Since thereis at most one link going out of X, there cannot be any downward link going outof X. However we supposed that there are no unused components in X this meansthat X � 
i does not have the corresponding factor M�(4+ �3 ) coming from T�(Yi).The only possibility for that is that X = 
i i.e. j � imax(Yi).Let X 1ext be the union of X 0ext with these components X, and X 1up def= X 0upn(X 0up \X 1ext) and X 1down def= X 0down. Now either X 1up = ;, in that case X 1down = ; also and allpolymers Yi intersecting X satisfy j � imax(Yi) and therefore X corresponds to a



188 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITEdangerous component at scale j of Y1; : : : ; Yk and T ext� (Y1; : : : ; Yk) provides for it afactor M�(4+ �3 ); or X 1up 6= ;.In that case the situation is the same as before. That is there exist links goingout of X 1up [ X 1down and they are either overlap links from H or from tm.They must then go out from components X in X 1up. As before since there isno factor M�(4+ �3 ) coming from T�(Y1) : : :T�(Yk) for these components, the onlypossibility for such a X � 
i is X = 
i i.e. j � i(Yi). We repeat the operation byconstructing X 2ext as the union of those components with X 1ext, and by constructingX 2up as well as X 2down. We construct thus a sequence (X �ext;X �up;X �down)0���� untilX �up = ;, which entails X �ext = X .We prove in this way that every polymer Yi that intersectsX satis�es j � imax(Yi)and so T ext� (Y1; : : : ; Yk) provides a factor M�(4+ �3 ) for the dangerous component X .Again this allocation cannot be made twice since there can be at most one link l oft going out of X , by construction of t.We have �nally shown that to every oriented link of t there is a summable decayfactor associated.Now we perform the same pruning procedure to t as in [AR2]. We erase all cubes� in 
 that do not belong to a polymer, have coordinance at most two in t andsuch that the links of t connected to them either go both downward or both upward.Finally we cut o� all the leafs of the resulting tree that terminate by a cube � thatis not a box of some Yi viewed in 
i.As was shown in [AR2] the cubes that remain in some 
i, and are not in Yi arenot more than #(Yi)� 1. Likewise the total number of the remaining cubes in 
extis kext � 2#(Y1 [ : : : [ Yk)� 1. Let t̂ be the tree obtained from t after the pruningprocedure and t̂i the subtree obtained by pruning ti for 1 � i � k. Let us introducea sum over numberings of the remaining cubes in 
ext and divide by 1kext!.Let us now contract each t̂i to a point, and view t̂ as a tree ~t on the disjointunion f1; : : : ; kextg+ f1; : : : ; kg. ~t is indeed a tree since each t̂i is a subtree of t̂. Theroot of ~t is the label 1 in f1; : : : ; kg. For each i, 2 � i � k we denote by �i the cubefrom which a link of t̂ goes out from 
i. By convention �1 def= �org. Each Yi will besummed over with constraint that �i 2 Yi thanks to the tree decay corresponding tot̂i. The proof of property 1 in [AR2] shows that this sum is convergent and boundedby a constant independent of � and N .We now have since u(�) can be taken arbitrarily smallXk�1 X(Y1;:::;Yk)Xm T�(Y1; : : : ; Yk) �Xk�1 Xkext�0 u(�) k+kext6k!kext!X~t Xm X�2;:::;�kD(~t)� kYi=1 D(�i; Yi) (IV.122)



IV.4. THE CONVERGENCE OF THE EXPANSION 189where D(~t) is the product of the decay factors of the links in the oriented tree ~t, andD(�i; Yi) is u(�)#(Yi)3 times the supremum over the trees t̂i, oriented by the choiceof root �i, of the product of the decay factors of their links. From [AR2] we knowthat XYij�i2YiD(�i; Yi):e#(Yi) (IV.123)is bounded by a constant K, provided � is small.We now sum over the coordinances d1; : : : ; dkext, d01; : : : ; d0k of the vertices of ~t andthen over ~t. From Cayley's theorem we know that the number of such trees, oncethe coordinances are �xed is (k + kext � 2)!(d1 � 1)! : : : (dkext � 1)!)(d01 � 1)! : : : (d0k � 1)! : (IV.124)Now as explained in [R1] in the section on the convergence of the Mayer expansion,we sum over the Yi and the cubes �1; : : : ;�k as well as the location of the numberedcubes �1; : : : ;�kext of 
ext, starting from the leafs of ~t and progressing towards theroot.Due to the pruning procedure, the leafs of ~t are polymer indices in f1; : : : ; kg.Let i be such a leaf, the sum over Yi knowing �i costs a factor K. Suppose we haveperformed all the summations on the vertices in the branch of ~t attached to somevertex i. A few cases must be considered.If i 2 f1; : : : ; kg then the sum over each index j whose ancestor in ~t is i involvesa choice of a box in Yi i.e. we recover a factor jYijdi�1. But1(di � 1)! XYij�i2YiD(�i; Yi)jYijdi�1 � XYij�i2YiD(�i; Yi)e#(Yi) � K (IV.125)If i 2 f1 : : : ; kextg, then the sum over the vertices j in the nearest descendence ofi do not involve a choice of cube of reference since it must be �i. But we have nowto perform the sum over �i knowing the ancestor i0 of i. Either i 2 f1; : : : ; kg inthat case we have a factor jYi0j that will be taken into account, as in the �rst case,when summing over Yi0, or i0 2 f1; : : : ; kextg and then D(~t) provides a summabledecay factor to sum over �i knowing �i0 and the result is a constant K 0. Thereforethe right hand side of (IV.122) is bounded byS def= Xk;kext u(�) k+kext6k!kext! Xd1;:::;dkextd01;:::;d0k (k + kext � 2)!�Kk �K 0kext � 2k�1 : (IV.126)Note that m being a subtree of ~t between elements of f1; : : : ; kg and there can beat most k � 1 such links in ~t, the sum over m inside ~t costs a factor 2k�1.



190 CHAPITRE IV. RENORMALISATION CONSTRUCTIVE EXPLICITENow since d1 + � � �+ dkext + d01 + � � �+ d0k = 2(k + kext)� 2 (IV.127)we have u(�) k+kext12 � u(�) d124 : : : u(�) dkext24 :u(�) d0124 : : : u(�) d0k24 (IV.128)and thereforeS � Xk;kext u(�) k+kext6 � 4k+kext �Kk �K 0kext � u(�) 1241� u(�) 124 !k+kext � K 00 (IV.129)for some constant K 00 independent of � and N provided � and thus u(�) is smallenough.Ackowledgments: It is for me a pleasure to thank V. Rivasseau and J. Magnenfor valuable insights and for their encouragements.
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